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 Ilqglqj rxw zkr wkh furrnv duh 0
Wd{ hydvlrq zlwk vhtxhqwldo dxglwlqj
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Qryhpehu 5335
Devwudfw
Wklv sdshu lqyhvwljdwhv pxowl0lwhp prudo kd}dug zlwk dxglwlqj frqwhvwv1 Dowkrxjk wkh
suhvhqwhg prgho lv zlgho| dssolfdeoh/ zh fkrrvh wd{ hydvlrq dv dq h{hpsodu| dssolfdwlrq1
Zh lqwurgxfh d wd{0hydvlrq prgho zkhuh wd{ dxwkrulw| dqg wd{sd|hu lqyhvw lq ghwhfwlrq dqg
frqfhdophqw1 Wkh wd{sd|huv kdyh pxowlsoh srwhqwldo lqfrph vrxufhv dqg duh khwhurjhqhrxv
zlwk uhvshfw wr wkhlu hydvlrq vfuxsohv1 Wkh wd{ dxwkrulw| 0 xqdeoh wr frpplw wr dq dxglw
vwudwhj| 0 revhuyhv d wd{ ghfodudwlrq dqg fkrrvhv lwv dxglwlqj h￿ruwv1 Zh vkrz wkdw d wd{
lqvshfwru suhihuv wr dxglw vrxufh e| vrxufh xqwlo kh ￿qgv hylghqfh iru hydvlrq wr frqgxfw d
ixoo0vfdoh dxglw wkhuhdiwhu1
MHO0Fodvvl￿fdwlrq= K59/ G;5/ N75
Nh|zrugv= Prudo Kd}dug/ Dxglwlqj Uxohv/ Frqwhvw/ Wd{ Hydvlrq
WDghodlgh Xqlyhuvlw|/ Vfkrro ri Hfrqrplfv/ Qruwk Whuudfh/ Dghodlgh/ VD 8338/ Dxvwudold1 Skrqh=.94+3,;0;6360
8:89 Id{= .94+3,;0;556047931 Hpdlo= udosk1ed|huCdghodlgh1hgx1dx1 L dp yhu| wkdqnixo iru khosixo frpphqwv dqg
vxjjhvwlrqv iurp Iudqn Frzhoo/ Vwhyhq Vplwk/ Jduhwk P|ohv/ Wkrpdv Exhwwqhu dqg pdq| vhplqdu sduwlflsdqwv
dw gl￿huhqw lqvwlwxwlrqv1
44 Lqwurgxfwlrq
Lq wkh uhdo zruog wkhuh duh pdq| h{dpsohv iru vlwxdwlrqv zkhuh sulqflsdov dvn djhqwv wr pdnh
vwdwhphqwv zklfk kdyh frqvhtxhqfhv iru odwhu sd|r￿v1 D wd{ lqvshfwru pd| dvn= Krz pxfk uhqw
glg |rx jhw iru d wklv fhuwdlq surshuw|B D mxgjh pd| dvn d ghihqgdqw lq d pxughu wuldo zkhuh
kh kdg ehhq gxulqj wkh qljkw lq txhvwlrq1 Dq hqylurqphqwdo lqvshfwru dvnv wkh ￿up rzqhu li d
fhuwdlq surgxfwlrq surfhvv frpsolhv zlwk hplvvlrq odzv1 Hyhq lq vlwxdwlrqv zkhuh qr dxwkrulw|
lv lqyroyhg vxfk vlwxdwlrqv pd| rffxu1 D srwhqwldo ex|hu dvnv wkh dqwltxh vhoohu li wkh fkdlu lv dq
ruljlqdo Orxlv [Y1 Txlwh riwhq 0 olnh lq wkh h{dpsohv deryh 0 wkh sd|r￿ frqvhtxhqfhv duh vxfk
wkdw wkhuh duh lqfhqwlyhv wr pdnh dq xqwuxwkixo vwdwhphqw1 Lq frqwudfw wkhru| rswlpdo gluhfw
uhyhodwlrq phfkdqlvpv duh ghyhorshg wkdw suhyhqw djhqwv iurp fkhdwlqj1 Edurq dqg P|huvrq
+4<;5, lv dq h{dpsoh iru wkh uhjxodwlrq ri d prqrsrolvw/ Fkdqghu dqg Zlogh +4<<;, ghdo zlwk wkh
fdvh ri wd{ hydvlrq1 Lq wkh uhdo zruog/ krzhyhu/ wkh uxohv duh qrw dozd|v lqfhqwlyh frpsdwleoh1
Djhqwv gr dfwxdoo| fkhdw1 Wkhuhiruh zh revhuyh lqvwlwxwlrqv wkdw wu| wr yhuli| zkhwkhu vwdwhphqwv
duh wuxh1 Ilqhv kdyh wr eh sdlg li d vwdwhphqw lv irxqg xqwuxwkixo1 Lq wkh olwhudwxuh djhqwv rqo|
kdyh wkh fkrlfh ri ehlqj wuxwkixo ru qrw1 Lq uhdolw| wkh| kdyh dqrwkhu fkrlfh= Wkh| fdq lqyhvw
uhvrxufhv lq fryhulqj wkhlu xqwuxwkixo vwdwhphqwv1 Wkh surshuw| rzqhu pd| dffhsw d orzhu uhqw
iru sd|phqw lq fdvk1 Wkh ghihqgdqw pd| euleh vrphrqh wr jlyh klp dq dolel1 Wkh ￿up rzqhu
pd| sd| vrphrqh wr gxps wr{lf zdvwh1 Wkh dqwltxh ghdohu pd| xvh fkhplfdov wr duwl￿fldoo| djh
wkh zrrg ri wkh fkdlu1 Wklv revhuydwlrq vxjjhvwv wkdw wkh rxwfrph ri dq dxglw grhv qrw rqo|
ghshqg rq wkh dxglwlqj h￿ruw/ exw dovr rq wkh frqfhdophqw h￿ruw h{huwhg e| wkh djhqw1 Lq wkhvh
vlwxdwlrqv dxglw ehfrphv d frqwhvw1
Riwhq d sulqflsdo dvnv dq djhqw wr pdnh pdq| sd|r￿0uhohydqw vwdwhphqwv dw rqfh1 Wkh
wd{pdq dvnv iru vwdwhphqwv derxw pruh wkdq rqh lqfrph vrxufh> wkh mxgjh dvnv wkh ghihqgdqw
pruh wkdq rqh txhvwlrq/ wkh srwhqwldo ex|hu zdqwv wr sxufkdvh pruh wkdq mxvw wkh vlqjoh fkdlu1
Wklv sdshu lqyhvwljdwhv krz dq dxglwru vkrxog surfhhg lq d vlwxdwlrq lq ri pxowlsoh0lwhp prudo
kd}dug zlwk dxglwlqj frqwhvwv1 Iru frqyhqlhqfh zh fkrrvh wd{ hydvlrq dv rxu dssolfdwlrq> exw
wkh prgho vwuxfwxuh fdq eh hdvlo| dssolhg wr dq| rwkhu vlwxdwlrq ghvfulehg deryh1
5 Uhodwhg olwhudwxuh
Lq wkh olwhudwxuh rq wd{ hydvlrq 0 dqg rq prudo kd}dug zlwk dxglw lq jhqhudo 0 wkh ghwhfwlrq
whfkqrorj| lv xvxdoo| fkdudfwhul}hg e| dq dxglw suredelolw|1 Li dq dxglw wdnhv sodfh d srwhqwldo
iudxg lv uhyhdohg zlwk fhuwdlqw|14 Wklv dvvxpswlrq lv vwloo zlgho| xvhg dqg zdv lqwurgxfhg e|
wkh hduo| qhrfodvvlfdo wd{ hydvlrq olwhudwxuh + Doolqjkdp dqg Vdqgpr/ 4<:5> \lw}kdnl/ 4<:7,15 Lq
odwhu frqwudfw wkhruhwlfdo frqwulexwlrqv/ zkhuh wkh wd{ dxwkrulw| kdv ehhq lqwurgxfhg dv d sod|hu/
wkh wd{ lqvshfwru*v vwudwhj| lv wkh dvvljqphqw ri dq dxglw suredelolw| wr d uhfhlyhg wd{ ghfodudwlrq
+vhh h1j1 Uhlqjdqxp dqg Zlogh +4<;8,/ Erughu dqg Vreho +4<;:,/ Prrnkhumhh dqg Sqj +4<;<,/
Prrnkhumhh dqg Sqj +4<<3,/ ru Fkdqghu dqg Zlogh +4<<;,,1 Wkh dxglw frvwv lqfuhdvh zlwk wkh
dxglw suredelolw|1 Lw lv wkh sxusrvh ri wklv sdshu wr lqyhvwljdwh wkh dxglw surfhvv lq d ulfkhu
vlwxdwlrq1 Zh prgho wkh ghwhfwlrq suredelolw| dv wkh rxwfrph ri d frqwhvw/ zkhuh wkh wd{sd|hu
lqyhvwv lq frqfhdophqw/ zkloh wkh dxwkrulw| vshqgv uhvrxufhv rq ghwhfwlrq1 Vr wkh suredelolw|
4H{fhswlrqv duh wkh lpshuihfw dxglwlqj vhwwlqjv ri Pdfkr0Vwdgohu dqg Shuh}0Fdvwuloor +4<<:, dqg Erdgzd| dqg
Vdwr +5333,1
5Iru d frpsuhkhqvlyh vxuyh| ri wkh qhrfodvvlfdo wd{ hydvlrq olwhudwxuh vhh Frzhoo +4<<3d,1
5iru wkh yhul￿fdwlrq ri hduqhg lqfrph grhv qrw rqo| ghshqg rq wkh dxwkrulw|*v ghwhfwlrq h￿ruw/
exw dovr rq wkh h￿ruw wkh wd{ hydghu sxwv lqwr frqfhdophqw16
Dv d vhfrqg ixqgdphqwdo gl￿huhqfh wr wkh frqwudfw0wkhruhwlfdo wd{0hydvlrq olwhudwxuh zh gr
qrw doorz wkh wd{ dxwkrulw| wr frpplw ehiruhkdqg wr dq dxglw vwudwhj|17 Wkh uhdvrq wkdw zh
suhihu wkh qrq0frpplwphqw dvvxpswlrq lv wzrirog1 Iluvwo|/ zh eholhi wkdw lq uhdolw| wkh wd{
dxwkrulw| grhv qrw uhdoo| frpplw lwvhoi1 Dq lqglfdwlrq iru wklv lv wkh yhlo ri vhfuhf| vxuurxqglqj
wkh dxwkrulw|*v dxglw vwudwhjlhv1 Fuhgleoh frpplwphqw/ krzhyhu/ uhtxluhv wkdw wkh wd{sd|huv
nqrz wkh dxglw vwudwhjlhv wkh dxwkrulw| zloo xvh1 Ixuwkhupruh/ wkh wd{sd|huv gr qrw vhhp wr
eholhyh frpplwphqw dwwhpswv1 Lq d ￿hog h{shulphqw +Vohpurg hw do1/ 5334, wd{sd|huv glg qrw
vljql￿fdqwo| fkdqjh wkhlu uhsruwlqj ehkdylrxu diwhu uhfhlylqj d ohwwhu whoolqj wkhp wr eh dxglwhg
zlwk fhuwdlqw|1 Vhfrqgo|/ wkh rswlpdo dxglw/ ￿qh dqg wd{ vfkhphv/ dqg wkh uhvxowlqj uhsruwlqj
ehkdylrxu dulvlqj iurp wkh frpplwphqw prghov duh qrw yhu| uhdolvwlf1 Jhqhudoo|/ rswlpdo ￿qhv
duh yhu| kljk +xvxdoo| hyhq pd{lpdo,/ wd{hv duh uhjuhvvlyh/ dqg wkh uhyhodwlrq sulqflsoh krogv/
zklfk lpsolhv wkdw wkhuh lv qr wd{ hydvlrq lq htxloleulxp1
Wkh wklug glvwlqfw ihdwxuh ri rxu prgho lv wkh lqwurgxfwlrq ri khwhurjhqhrxv wd{sd|huv zlwk
pxowlsoh lqfrph vrxufhv1 Wkh wd{sd|huv duh dvvxphg wr gl￿hu lq wkhlu ehkdylrxudoo| uhohydqw
dwwlwxghv wrzdugv wd{ hydvlrq1 Wkhvh dwwlwxghv duh fdswxuhg e| gl￿huhqw prudo frvwv ri hydvlrq18
Wkh lqwurgxfwlrq ri pxowlsoh lqfrph vrxufhv vhhpv d qdwxudo lpsuryhphqw wr wkh prghov/ zkhuh
lqfrph lv krprjhqhrxv1 Vr wkh ghfodudwlrq sdwwhuq ryhu gl￿huhqw lqfrph vrxufhv uhyhdov vrph
lqirupdwlrq wr wkh dxwkrulw| derxw wkh olnholkrrg ri idflqj dq hydghu1 Wkh wd{ lqvshfwru fdq
jhw hyhq pruh ydoxdeoh lqirupdwlrq li kh dgrswv d vhtxhqwldo dxglwlqj vwudwhj|1 Kh fdq xvh wkh
lqirupdwlrq jdlqhg iurp suhylrxv dxglwv zkhq ghflglqj ryhu ghwhfwlrq h￿ruwv iru vrxufhv wkdw
duh qrw dxglwhg |hw1
6 Sodq ri wkh sdshu
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq wkh vhwxs ri rxu prgho lv ghvfulehg>
vrph vlpsoli|lqj dvvxpswlrqv duh lqwurgxfhg dqg glvfxvvhg1 Lq vhfwlrq 8 zh ghulyh wkh rswlpdo
frqfhdophqw dqg dxglw h￿ruwv wkdw zloo eh xvhg gxulqj wkh uhpdlqghu ri wkh sdshu1 Wkh rs0
wlpdo dxglw h￿ruw iru d sduwlfxodu vrxufh lv vkrzq wr ghshqg rq wkh eholhyhg suredelolw| wkdw
wkh lqfrph iurp wklv vrxufh lv hydghg1 Wkh wd{sd|hu*v ghflvlrq ryhu hydvlrq dqg frqfhdophqw
h￿ruw ghshqgv rq vrph vrxufh vshfl￿f sdudphwhuv1 Vhfwlrq 9 ghdov zlwk ￿jkrvwv￿ 0 furrnv zkr
hqwluho| jr xqghujurxqg1 Wkhvh shrsoh gr qrw uhsruw dq| lqfrph uhjdugohvv krz pxfk wkh| pd|
kdyh hduqhg19 Zh vkrz wkdw wkh vhtxhqwldo dxglwlqj vwudwhj| ghdov zlwk jkrvwv pruh h￿hfwlyho|1
Frpsduhg wr wkh vlpxowdqhrxv dxglwlqj d vhtxhqwldo dxglwlqj vwudwhj| lpsrvhv vwurqjhu uhvwulf0
wlrqv rq wkh hqylurqphqw lq rughu wr doorz iru jkrvw ehkdylrxu1 Zh dovr vkrz wkdw vhtxhqwldo
dxglwlqj ohdgv wr d kljkhu h{shfwhg sd|r￿ iru wkh dxwkrulw|1 Frqvhtxhqwo|/ lw lv rswlpdo iru wkh
dxwkrulw| wr dxglw vrxufh e| vrxufh dw ￿uvw wr ￿qdoo| frqgxfw d ixoo0vfdoh vlpxowdqhrxv dxglw
6Wkh lghd wkdw wkh wd{sd|hu fdq lqyhvw lqwr frqfhdophqw lv h{soruhg lq dq rswlpdo wd{dwlrq iudphzrun e|
Fuhphu dqg Jdkydul +4<<8,1 \dqly +4<<<, lqwhusuhwv frqfhdophqw lqyhvwphqw dv frvwo| prqh| odxqghulqj1 Wkh
fdvh ri ohjdo wd{ vkhowhulqj lv h{dplqhg e| Frzhoo +4<<3e,1
7Wkh qrq0frpplwphqw dvvxpswlrq zdv lqurgxfhg e| Uhlqjdqxp dqg Zlogh +4<;9, dqg Judhw} hw do1 +4<;9,
lqwr wkh wd{ hydvlrq olwhudwxuh1 Nkdolo +4<<:, fodul￿hv wkh h￿hfwv ri qrq0frpplwphqw lq d prqrsro|0uhjxodwlrq
iudphzrun1
8Iru prghov zlwk vlplodu frqvlghudwlrqv vhh Vslfhu dqg Oxqgvwhgw +4<:9,/ Jrugrq +4<;<,/ ru Erugljqrq +4<<6,1
9D pruh suhflvh gh￿qlwlrq ri jkrvw ehkdylrxu zloo eh jlyhq odwhu rq1
6zkhqhyhu vxvslflrq dulvhv gxulqj wkh vhtxhqwldo dxglwv1
Vhfwlrq : h{soruhv wkh fdvh zkhuh wkh hqylurqphqw lv qrw idyrxudeoh hqrxjk iru furrnv wr
ehkdyh dv jkrvwv1 Zh fkdudfwhul}h wkh dulvlqj k|eulg htxloleulxp dqg frpsduh wkh lpsdfw ri
gl￿huhqw dxglw vwudwhjlhv1 Wklv lv wkh vlwxdwlrq prvw wd{ hydghuv zloo eh lq1 Zh vkrz iru wzr
vrxufhv wkdw wkh lqwxlwlrq iurp wkh dqdo|vlv ri jkrvwv fduulhv ryhu1 Vhfwlrq ; vkrzv wkdw rxu prgho
zlwk vhtxhqwldo dxglwlqj fdq h{sodlq d skhqrphqrq qrw zhoo xqghuvwrrg vr idu 0 prrqoljkwlqj
fudiwvphq1 Zh vkrz wkdw lw pljkw eh rswlpdo iru d furrn wr hqjdjh lq erwk wkh eodfn pdunhw
hfrqrp| dqg dovr lq wkh r!fldo vhfwru/ hyhq li jrlqj wrwdoo| xqghujurxqg ohdgv wr kljkhu sd|r￿v
wkdq zrunlqj rqo| lq wkh r!fldo vhfwru grhv1 Edvlfdoo|/ wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw
vhtxhqwldo dxglwlqj pd| ohdg wr dq h{ dqwh h{shfwhg uhwxuq iurp hydvlrq wkdw ghfuhdvhv zlwk
dgglwlrqdo lqfrph vrxufhv doorfdwhg wr wkh lqirupdo vhfwru1 Wkh h{shfwhg yhqjhdqfh ri dq dxglw
li wkh dxwkrulw| jhwv vxvslflrxv gxulqj vhtxhqwldo fkhfnv lv wkh uhdvrq iru wkdw1 Zh frqfoxgh zlwk
d vxppdu| ri rxu pdlq uhvxowv1
7 Wkh prgho
Lq wklv vhfwlrq zh ghyhors rxu vhwxs/ lqwurgxfh vrph qrwdwlrq dqg h{sodlq rxu vlpsoli|lqj dv0
vxpswlrqv1 Zh ehjlq zlwk wkh wlplqj1
714 Wlplqj dqg vrph qrwdwlrq
Wkhuh duh Q srvvleoh lqfrph vrxufhv1 Lqfrph vrxufh l |lhogv lqfrph \￿ li lw lv surgxfwlyh1 Qdwxuh
ghwhuplqhv zkhwkhu vrxufh l lv surgxfwlyh ru qrw1 Wkh suredelolw| wkdw lw lv lv ghqrwhg e| ￿￿1
Diwhu revhuylqj wkh dfwxdo lqfrph jhqhudwhg e| wkh srvvleoh vrxufhv wkh wd{sd|hu kdv wr ￿oh d
wd{ uhwxuq1 Kh vhsdudwho| ghfoduhv klv lqfrph iru wkh vrxufhv1 Wkh lqfrph ghfoduhg iru vrxufh l
lv ghqrwhg e| g￿1 Wkh wd{sd|hu kdv wkh srvvlelolw| wr lqyhvw vrph uhvrxufhv lq rughu wr uhgxfh
wkh yhul￿fdwlrq suredelolwlhv s￿1 Klv lqyhvwphqw lv phdvxuhg e| wkh vkhowhulqj h￿ruw h￿1
Diwhu kdylqj uhfhlyhg wkh ghfodudwlrq g￿ iru hyhu| vrxufh wkh dxwkrulw| ghflghv krz pdq|
uhvrxufhv wr lqyhvw lq rughu wr lqfuhdvh wkh suredelolw| wkdw wkh wuxh lqfrph lv yhul￿hg1 Wkh
ghwhfwlrq h￿ruw iru vrxufh l lv ghqrwhg e| d￿1 Wkh wd{ lqvshfwru fdq h{huw gl￿huhqw h￿ruw ohyhov
iru gl￿huhqw vrxufhv1 Ixuwkhupruh/ kh fdq dxglw vhtxhqwldoo| li kh suhihuv wr gr vr1 Wkdw phdqv
wkdw wkh dxwkrulw| fdq ghflgh zklfk vrxufh+v, wr h{dplqh ￿uvw1 Qdwxuh ghflghv li wkh wuxh lqfrph
iurp wkh dxglwhg vrxufh+v, lv yhul￿hg1 Wkh suredelolw| ri yhul￿fdwlrq s￿ ghshqgv rq wkh h￿ruwv1
Wkhq/ diwhu revhuylqj wkh rxwfrph ri wklv dxglw+v, lw fdq frqglwlrq lwv h￿ruw iru wkh qh{w vrxufh+v,
wr eh dxglwhg rq wklv revhuydwlrq1 Dw wkh wlph ri wkh ghflvlrq wkh dxwkrulw| kdv qr nqrzohgjh
derxw wkh frqfhdophqw h￿ruwv h{huwhg e| wkh wd{sd|hu1
715 Furrnv dqg jrrg flwl}hqv
Zh dvvxph wkdw wkhuh duh vrph prudo frvwv wkdw duh lqfxuuhg e| wkh wd{sd|hu zkhqhyhu kh grhv
qrw wuxwkixoo| uhsruw dq lqfrph vrxufh1 Vslfhu dqg Ehfnhu +4<;3,/ Ed|hu dqg Uhlfko +4<<:,/
dqg Dqghukxe hw do1 +5334, vkrz lq h{shulphqwdo vwxglhv wkdw gl￿huhqw wd{sd|huv pd| ehkdyh
gl￿huhqwo| hyhq li wkh| idfh wkh vdph vlwxdwlrq1 Vrph shrsoh duh dozd|v krqhvw/ vrph rwkhuv gr
hydgh wd{hv1 Vrfldo Sv|fkrorj| vxjjhvwv wkdw prudo frqvwudlqwv duh wkh vrxufh iru khwhurjhqhlw|1
Wkh dwwlwxgh wrzdugv d fhuwdlq fulplqdo dfw lv ghwhuplqhg e| lwv h{shfwhg jdlq/ lqwhuqdol}hg prudo
7qrupv dqg shhu jurxs dwwlwxghv1: Wkh dwwlwxgh wrzdugv d fulph ghwhuplqhv wkh gulyh wr frpplw
wkh fulph1 Prudo frvw fdq eh lqwhusuhwg dv wkh h{shfwhg glvxwlolw| dulvlqj iurp qrw frqiruplqj
wr lqwhuqdolvhg qrupv ru wr h{klelw ehkdylrxu wkdw frq lfwv zlwk shhu jurxs dwwlwxghv1 Wklv
mxvwl￿hv wkh lqfoxvlrq ri prudo frvwv lq wkh xwlolw| ixqfwlrq ri d wd{sd|hu1;
Iru vlpsolflw| zh dvvxph wkdw wkhuh duh rqo| wzr w|shv ri wd{sd|huv1 Furrnv zlwk orz prudo
frvwv dqg odz delglqj flwl}hqv zlwk prudo frvwv wkdw duh kljk hqrxjk wr irufh wkhp wr eh krqhvw1
Dv lq vhplqdo uhsxwdwlrq prghov +h1j1 Nuhsv hw do1/ 4<;5> Plojurp dqg Urehuwv/ 4<;5d> Plojurp
dqg Urehuwv/ 4<;5e, zh h{rjhqrxvo| ￿{ wkh ehkdylrxu iru rqh w|sh1 Wkh lqglylgxdov zlwk
frqvlghudeoh vfuxsohv duh dozd|v krqhvw/ vlqfh wkhlu hydvlrq frvwv duh dvvxphg wr eh surklelwlyh1
Lq wklv uhvshfw wkh vhtxhqwldo dxglwlqj vhwxs lv vlplodu wr d uhsxwdwlrq prgho1 Exw wkhuh lv dq
lpsruwdqw gl￿huhqfh1 Wkh wd{sd|hu kdv wr ghflgh ryhu doo klv ghfodudwlrqv ehiruh wkh dxwkrulw|
vwduwv wr dxglw1 Vr lq wkh vwulfw vhqvh wkhuh lv qr urrp iru uhsxwdwlrq exloglqj dowkrxjk wkh
vwuxfwxuh ri wkh eholhi irupdwlrq lv yhu| vlplodu1
Wkh prudo frvw duh ghqrwhg e| ￿ 5 i￿,>￿￿j1 Zlwkrxw orvv ri jhqhudolw| zh qrupdol}h ￿, wr 31
Uhdolvwlfdoo|/ zh dvvxph wkdw wkh wd{ dxwkrulw| grhv qrw nqrz wkh w|sh ri wkh wd{sd|hu1 Ohw ￿
eh wkh sulru suredelolw| ri idflqj d furrn1 Zh fdq lqwhusuhw ￿ dv wkh iudfwlrq ri furrnv lq wkh
srsxodwlrq1 Zh dvvxph ￿ wr eh frpprq nqrzohgjh1
716 Sd|0r￿v
Lq rughu wr eh deoh wr vshfli| wkh sd|0r￿v zh kdyh wr pdnh dvvxpswlrqv derxw wkh remhfwlyhv dqg
ulvn suhihuhqfhv ri wkh wd{ dxwkrulw| dqg wkh wd{sd|hu1 Zh dvvxph erwk wkh dxwkrulw| dqg wkh
wd{sd|hu wr eh ulvn qhxwudo1 Lw lv txlwh frpprq wr dvvxph ulvn qhxwudolw| iru wkh sulqflsdo/ zklfk
lv wkh dxwkrulw| lq rxu fdvh1 Wkh dvvxpswlrq frqfhuqlqj wkh ulvn suhihuhqfhv ri wkh wd{sd|hu lv
qrw fuxfldo iru wkh uhpdlqghu ri wkh sdshu1 Ulvn dyhuvlrq zrxog mxvw lqfuhdvh wkh lq xhqfh ri
wkh ￿qh wkdw lv lpsrvhg lq wkh fdvh ri wkh wd{sd|hu lv frqylfwhg iru wd{ hydvlrq1
Wkh wd{sd|hu pd{lpl}hv lqfrph qhw ri wd{ oldelolw|/ uhvrxufhv lqyhvwhg lq frqfhdophqw/ prudo
frvw ri hydvlrq/ dqg h{shfwhg ￿qhv1 Wkh h{shfwhg lqwhulp sd|r￿ diwhu wkh jurvv lqfrphv duh
uhdol}hg dqg diwhu erwk sduwlhv kdyh pdgh wkhlu ghflvlrqv/ exw ehiruh qdwxuh ghflghv zklfk





￿ ￿ W+g￿, ￿ I+\ @
￿ >g￿, ￿ s+h￿>d￿, ￿ F+h￿, ￿! ￿ ￿ +4,
Khuh \ @
￿ lv wkh dfwxdo lqfrph iurp vrxufh l/ W+g￿, uhsuhvhqwv wkh wd{ oldelolw| iru dq lqfrph
ghfodudwlrq g￿/ zkloh I+\ @
￿ >g￿, ghqrwhv wkh ￿qh d wd{sd|hu kdv wr sd| li klv wuxh lqfrph lv
yhul￿hg diwhu kdylqj ghfoduhg dq lqfrph ri g￿1 Wkh ￿qh lqfoxghv wkh uhsd|phqw ri hydghg wd{hv1
E| dvvxplqj wkh wd{ oldelolwlhv dqg srwhqwldo ￿qhv wr eh dgglwlyh ryhu gl￿huhqw lqfrph vrxufhv/
zh lpsolflwo| dvvxph wkdw wkh wd{ dqg shqdow| vfkhphv duh olqhdu1 Wkh suredelolw| wkdw wkh
wuxh lqfrph iurp dq lqfrph vrxufh fdq eh yhul￿hg lv ghqrwhg e| s+h￿>d￿,1 Lw ghshqgv rq wkh
ghwhfwlrq dqg frqfhdophqw h￿ruwv +d￿ dqg h￿, wkdw duh h{huwhg e| wkh dxwkrulw| dqg wkh wd{sd|hu1
Reylrxvo|/ s+h￿>d￿, vkrxog lqfuhdvh zlwk d￿ dqg ghfuhdvh zlwk h￿= Wkh frqfhdophqw frvwv/ zklfk
:Wkh prvw lq xhqwldo wkhruhwlfdo iudphzrun lv wkh ￿Wkhru| ri Sodqqhg Ehkdylrxu￿ hvwdeolvkhg lq Dm}hq dqg
Ilvkehlq +4<;3, dqg h{whqghg lq Dm}hq +4<<4,1
;Wklv lv dgplwwhgo| d yhu| fuxgh eodfn er{ vlpsol￿fdwlrq ri d yhu| frpsoh{ sv|fkrorjlfdo frqvwuxfw/ exw lw zloo
eh vx!flhqw wr vhuyh wkh sxusrvh ri wklv sdshu1
8ghshqg rq wkh h￿ruw ohyho/ duh jlyhq e| F+h￿,= Wkh prudo frvw lqfxuuhg e| wkh hydvlrq ri d fhuwdlq
lqfrph frpsrqhqw lv jlyhq e| ￿/ zkloh ! lv dq lqglfdwru yduldeoh iru hydvlrq1
Vlploduo| wkh h{shfwhg lqwhulp sd|0r￿ iru wkh dxwkrulw| +ehiruh qdwxuh ghflghv zklfk lqfrph




W+g￿, . I+\ @
￿ >g￿, ￿ s+h￿>d￿, ￿ N+d￿, +5,
Zh dvvxph wkh dxwkrulw| wr pd{lpl}h hqirufhg wd{ sd|phqwv soxv h{shfwhg ￿qhv qhw ri ghwhf0
wlrq frvwv N+h￿,1 Wkh dowhuqdwlyh dvvxpswlrq ri d pruh vho￿vk dxwkrulw|/ zklfk mxvw zdqwv wr
pd{lpl}h h{shfwhg ￿qhv qhw ri ghwhfwlrq frvwv/ grhv qrw pdnh d vxevwdqwldo gl￿huhqfh iru wkh
prgho*v lpsolfdwlrqv1<
717 Vlpsoli|lqj dvvxpswlrqv
Lq rughu wr nhhs wkh prgho wudfwdeoh zh kdyh wr pdnh vrph vlpsoli|lqj dvvxpswlrqv derxw
ixqfwlrqdo irupv1
D4 Wkh frvwv ri lq xhqflqj wkh yhul￿fdwlrq suredelolw| lq wkh idyrxuhg gluhfwlrq duh lqfuhdvlqj
dqg frqyh{ iru erwk sod|huv1
Wkh udwlrqdoh iru wklv dvvxpswlrq lv wkh iroorzlqj1 Li rqh ri wkh dfwruv zdqwv wr vkliw wkh
yhul￿fdwlrq suredelolw| lq klv idyrxuhg gluhfwlrq kh kdv wr sxw lq vrph frvwo| h￿ruw1 Wkh eljjhu
wkh vkliw lqwhqghg wkh eljjhu lv wkh h￿ruw uhtxluhg/ dqg frqvhtxhqwo| wkh kljkhu wkh frvwv duh1
Lq dgglwlrq wkh dfwruv vkrxog xvh wkh fkhdshvw phdqv ri ghwhfwlrq ru fryhulqj ￿uvw1 Wkdw phdqv
lw jhwv pruh h{shqvlyh wr dfklhyh d ixuwkhu vkliw lq suredelolw| li |rxu h￿ruw lqfuhdvhv1 Vr wkh
frvwv duh frqyh{1
D5 Wkh pdujlqdo frvwv ri lq xhqflqj wkh suredelolw| gr qrw ghshqg rq wkh h￿ruw wkh rwkhu
sod|hu h{huwv1
Wklv dvvxpswlrq wdnhv dzd| wkh vwudwhjlf h￿hfw wkdw wkh dfwruv fdq lq xhqfh zlwk wkhlu
h￿ruwv krz kdug lw lv iru wkh rssrqhqw wr vkliw wkh yhul￿fdwlrq suredelolw|1 Zh eholhyh wkdw
wklv h￿hfw lv uhohydqw lq uhdolw|1 Krzhyhu/ iru rxu sxusrvh 0 wr lqyhvwljdwh vhtxhqwldo dxglwlqj 0
zh kdyh wr nhhs wkh frqwhvw vlpsoh wr dvvxuh wkdw wkh prgho uhpdlqv wudfwdeoh1 Wkh uhvxowlqj
dgglwlyh vwuxfwxuh ri wkh ghwhfwlrq suredelolw| vhhpv wr eh d elw wurxeohvrph1 Krzhyhu/ wkh
lqwhusuhwdwlrq wkdw dq h{rjhqrxv ghwhfwlrq h{lvwv/ zklfk fdq eh lq xhqfhg wr d fhuwdlq ghjuhh
e| wkh wzr sduwlhv lqwxlwlyho| pdnhv vhqvh1 Li wkh wd{ dxwkrulw| grhv qrw h{huw dq| h￿ruw wkh
wd{sd|hu fdq uhgxfh wkh ghwhfwlrq suredelolw| wr }hur zlwk d kljk h￿ruw1 Rq wkh rwkhu kdqg/ li
wkh wd{sd|hu grhv qrw h{huw dq| h￿ruw wkh dxwkrulw| fdq pdnh vxuh zlwk d kljk h￿ruw wkdw wkh
dxglw lv vxffhvvixo1 Li wkh rssrvlwlrq lq wkh frqwhvw h{huwv dq| h￿ruw wkrxjk/ lw lv qrw srvvleoh
wr uhdfk fhuwdlqw| +ri ghwhfwlrq ru jhwwlqj dzd| zlwk hydvlrq,/ hyhq zlwk d yhu| kljk h￿ruw1 Zh
wklqn wkdw wklv uhvwulfwlrq rq wkh suredelolw| ixqfwlrq lv uhdolvwlf1
<Lw grhv qrw pdwwhu iru wkh uhvxowv krz pxfk wkh wd{ dxwkrulw| 0 li dw doo 0 ydoxhv sdlg wd{hv1 Wklv lv wuxh
ehfdxvh wkh wd{hv duh vxqn dw wkh prphqw wkh dxwkrulw| fkrrvhv lwv h￿ruwv1 Lq prghov zkhuh wkh dxwkrulw| fdq
fuhgleo| frpplw wr dqqrxqfhg dxglw vfkhphv wklv glvwlqfwlrq fhuwdlqo| pdwwhuv1
9Dowkrxjk wkhvh wzr dvvxpswlrqv duh vx!flhqw iru wkh uhvxowv/ iru vlpsolflw| zh zloo lpsrvh
vshfl￿f uhvwulfwlrqv rq ixqfwlrqdo irupv iru suredelolw| dqg frvw ixqfwlrqv1 Wkh surshuwlhv ri wkh
yhul￿fdwlrq0suredelolw| ixqfwlrq duh wkh iroorzlqj1 Vxevfulswv ghqrwh sduwldo ghulydwlyhv=
s+h￿>d￿, 5 ^3>4` +6,
se ? 3> see A 3>
s@ A 3> s@@ ? 3
s@e @ 3=
D yhul￿fdwlrq suredelolw| wkdw lv lqfuhdvlqj dqg frqfdyh lq d> exw ghfuhdvlqj dqg frqyh{ lq h
wrjhwkhu zlwk olqhdu frvw vdwlv￿hv wkh dvvxpswlrqv D4 dqg D51 Vr zh gh￿qh wkh h￿ruw frvw iru






Zh lqwurgxfh wkh sdudphwhu ￿ wr ghvfuleh wkh frqfhdophqw rssruwxqlw| iru wkh wd{sd|hu1
Wkh kljkhu ￿ lv/ wkh fkhdshu lw lv iru wkh wd{sd|hu wr klgh d srwhqwldo hydvlrq1
D6 Wkh pdujlqdo fkdqjh lq wkh ghwhfwlrq suredelolw| dssurdfkhv 3 iru h￿ruwv d ru h whqglqj wr
lq￿qlw| +l1h1 se $ 3 li h $ 4 dqg s@ $ 3 li d $ 4,/ zkhuh wkh pdujlqdo suredelolw|
fkdqjhv iru wkh ￿uvw xqlwv ri h￿ruwv duh jlyhq e| se+3>d, @ ￿$ dqg s@+h>3, @ ￿1
Wkh ￿uvw sduw lv rqh ri wkh frpprqo| xvhg Lqdgd frqglwlrqv wr hqvxuh wkh h{lvwhqfh ri
dq lqwhulru vroxwlrq wr wkh pd{lpl}dwlrq sureohp dw wkh xsshu hqg1 Qrwh wkdw zh kdyh qrw
lpsrvhg dq| frqglwlrqv wkdw suhyhqw wkh rswlpdo h￿ruwv wr eh }hur1 D }hur h￿ruw ri wkh dxwkrulw|
fdq eh vhhq dv uxeehu0vwdpslqj d ghfodudwlrq1 Lq uhdolw| vxfk d ehkdylrxu lv revhuyhg txlwh
riwhq1 Ixuwkhupruh/ rxu qrwlrq ri ghwhfwlrq suredelolw| grhv qrw uxoh rxw d srvlwlyh ghwhfwlrq
suredelolw| hyhq zlwk qr h￿ruw h{huwhg e| wkh wd{ lqvshfwru1 Wklv uh hfwv wkh idfw wkdw wkh
ghwhfwlrq ri wd{ hydghuv pd| kdsshq e| fkdqfh ru dw ohdvw zlwkrxw wrr pxfk dfwlyh sduwlflsdwlrq
ri wkh wd{ dxwkrulw|143 Wkh sdudphwhu ￿ 0 wkh jdlq ri yhul￿fdwlrq suredelolw| e| wkh ￿uvw prvw
h￿hfwlyh xqlw ri h￿ruw 0 pd| eh vhhq dv d phdvxuh iru wkh revhuydelolw| ri dq hfrqrplf dfwlrq1 Wkh
fruuhvsrqglqj sdudphwhu iru wkh wd{sd|hu lv $/ zklfk lv wkh uhgxfwlrq lq yhul￿fdwlrq suredelolw|
fdxvhg e| wkh prvw h￿hfwlyh frqfhdophqw dfwlrq ri wkh wd{sd|hu1
Iru pdq| lqfrph vrxufhv wkh sdudphwhuv $ dqg ￿ pd| eh fruuhodwhg1 Lqfrph vrxufhv/ zkhuh
ghwhfwlrq h￿ruw lv +qrw, h￿hfwlyh/ jlyhv ulvh wr +qrw rqo|, ihz rssruwxqlwlhv wr frqfhdo1 Lqfrph
iurp ghshqghqw hpsor|phqw lv dq h{dpsoh iru dq lqfrph vrxufh zkhuh ghwhfwlrq lv h￿hfwlyh
zkloh frqfhdophqw lv qrw144 Krzhyhu/ wkhuh duh frxqwhu h{dpsohv1 D fudiwvpdq hqjdjhg lq wkh
eodfn hfrqrp| pd| kdyh ihz h￿hfwlyh rssruwxqlwlhv wr frqfhdo klv dfwlylw|/ ehfdxvh wkh ghwhfwlrq
suredelolw| klqjhv fuxfldoo| rq wkh glvfuhwlrq ri wkh wudglqj sduwqhu zkloh wkh dxwkrulw| kdv qr
fkhds h￿hfwlyh phdqv ri lqyhvwljdwlrq1
D7 Wkh wd{sd|hu kdv qr phdqv ri h{huwlqj dq| h￿ruw li wkhuh lv qr wd{ hydvlrq wr vkhowhu1 Diwhu
dq dxglw wkh dxwkrulw| ohduqv zkhwkhu wkh wd{sd|hu sxw iruzdug dq| vkhowhulqj h￿ruw ru
qrw1 Wkh suredelolw| wkdw sxuh fkdqfh ohdgv wr wkh yhul￿fdwlrq ri wkh lqfrph lv srvlwlyh
exw vpdoohu wkdq rqh/ l1h1 4 A s+3>3, A 31
43Ehlqj ghqrxqfhg e| dq hqylrxv qhljkerxu lv d txlwh frpprq idwh hydghuv pd| kdyh wr idfh1
44Lqfrph iurp vhoolqj guxjv lv dq h{dpsoh zkhuh ghwhfwlrq lv kdug dqg frqfhdophqw lv hdv|1
:Wklv dvvxpswlrq pdnhv vxuh wkdw wkh wd{ lqvshfwru ohduqv iurp dq dxglw wkdw d vrxufh |lhoghg
qr lqfrph zkhqhyhu wklv lv wkh fdvh1 Zh dujxh wkdw wklv lv d uhdvrqdeoh dvvxpswlrq1 Wklqn ri d
 dw rzqhg e| wkh wd{sd|hu1 Lw pljkw eh uhdvrqdeoh wkdw lw lv srvvleoh iru wkh wd{sd|hu wr vkhowhu
klv lqfrph iurp ohwwlqj lw1 Exw li kh olyhv wkhuh klpvhoi/ d wd{ lqvshfwru vxuho| vkrxog ohduq iurp
dq dxglw wkdw qr lqfrph zdv fuhdwhg1 Lq rwkhu zrugv/ zh uhgxfh wkh xqfhuwdlqw| d wd{ lqvshfwru
pd| idfh zkloh lqwhusuhwlqj wkh uhvxowv iurp dxglwlqj d vrxufh wkdw zdv qrw hduqhg1 Wklv zloo
nhhs wkh xsgdwlqj surfhvv ehwzhhq dxglwv wudfwdeoh1 Wkh odvw sduw ri wkh dvvxpswlrq pdnhv vxuh
wkdw wkhuh lv d fhuwdlq xqfhuwdlqw| derxw lqfrph yhul￿fdwlrq li erwk sod|huv gr qrw lqyhvw lqwr
ghwhfwlrq dqg fryhudjh/ uhvshfwlyho|1





\￿ zlwk suredelolw| ￿￿
3 zlwk suredelolw| 4 ￿ ￿￿
Dv zh zloo vhh/ wkh dxglw h￿ruw ghflvlrq iru wkh wd{ lqvshfwru klqjhv fuxfldoo| rq wkh eholhiv
rq wkh h{shfwhg srwhqwldo ￿qh iru d jlyhq ghfodudwlrq1 Li zh doorz iru d frqwlqxrxv lqfrph
glvwulexwlrq wkhvh eholhiv ehfrph yhu| frpsoh{1 Krzhyhu/ wkh dgglwlrqdo frpsoh{lw| zrxog qrw
dgg dq| vwudwhjlf hohphqwv wr rxu vhwwlqj1 Wr doorz iru d frqwlqxrxv lqfrph glvwulexwlrq zrxog
dovr uhtxluh dq dgglwlrqdo dvvxpswlrq derxw krz wkh ￿qh ghshqgv rq wkh lqfrph1
D9 Wkh ghfodudwlrq iru d sduwlfxodu lqfrph vrxufh lv d glfkrwrprxv fkrlfh +l1h1 g￿ 5 i\ @
￿ >3j,1
Zh doorz wkh wd{sd|hu rqo| wr ghfoduh klv zkroh lqfrph iurp dq lqfrph vrxufh ru wr ghfoduh
qrwklqj dw doo1 Zh duh dzduh wkdw wkhuh duh vrph lqfrph vrxufhv zkhuh wklv dvvxpswlrq lv qrw
dssursuldwh +h1j1 wlsv,1 Exw ulvn qhxwudolw| dqg wkh olqhdu v|vwhp zh dvvxphg dozd|v surgxfhv
fruqhu vroxwlrqv iru wkh ghfodudwlrq ghflvlrq1 E| dvvxplqj d plqru uhvxow ri wkh prgho uljkw
dzd| zh gr qrw kdyh wr ghdo vhsdudwho| zlwk wklv lvvxh iru hyhu| fdvh zh frqvlghu1
8 Rswlpdo h￿ruwv
Ehiruh zh frqvlghu gl￿huhqw dxglw dqg hydvlrq vwudwhjlhv zh ghwhuplqh wkh rswlpdo ghwhfwlrq dqg
frqfhdophqw h￿ruwv1 Zh ehjlq zlwk wkh wd{ lqvshfwru1 Zkhqhyhu wkh wd{ dxwkrulw| ghflghv wr
dxglw d fhuwdlq lqfrph frpsrqhqw/ iru zklfk lw revhuyhg d ghfodudwlrq ri }hur/ lw idfhv wkh vdph
dxglwlqj sureohp1 Lw zdqwv wr pd{lpl}h wkh h{shfwhg ￿qh e| sxwwlqj lq vrph dxglwlqj h￿ruw1
Wkh h￿ruw zklfk vroyhv wkh pd{lpl}dwlrq sureohp lv wkh iroorzlqj +zh rplw wkh vxevfulswv iru
wkh vrxufh khuh,=
dW @ dujpd{
@ ^￿+\ @ @ \ m g @ 3>K, ￿ s+h>d, ￿ I ￿ d`> +8,
zkhuh ￿+\ @ m g @ 3>K, lv wkh wd{ dxwkrulw|*v eholhi 0 jlyhq d ghfodudwlrq ri g @ 3 dqg klv lqiru0
pdwlrq K 0 derxw wkh suredelolw| wkdw wkh lqfrph zdv hduqhg1 Wkh wd{ lqvshfwruv lqirupdwlrq
K fdq eh wkh sulru lqirupdwlrq ru vrph lqirupdwlrq wkdw zdv jdwkhuhg gxulqj suhylrxv dxglwv1





;Zh dovr kdyh wr frqvlghu wkh fdvh ri d srvvleoh fruqhu vroxwlrq1 Lq wkh fdvh ￿ ? 4@￿I wkh rswlpdo
h￿ruw kdv wr eh 31 Wklv lv wkh fdvh zkhqhyhu wkh hfrqrplf dfwlylw| lv wrr kdug wr revhuyh dqg
sxwwlqj lq h￿ruw qhyhu sd|v1
Lw iroorzv iurp s@@ ? 3 wkdw wkh rswlpdo h￿ruw dW zhdno| lqfuhdvhv zlwk wkh ￿qh I dqg
wkh eholhi ￿1 Qrwh wkdw wkh rswlpdo h￿ruw lv lqghshqghqw ri wkh h￿ruw wkh wd{sd|hu pljkw kdyh
h{huwhg1 Li wkh dxwkrulw| eholhyhv zlwk fhuwdlqw| wkdw wkh lqfrph frpsrqhqw zdv qrw hduqhg
diwhu revhuylqj d ghfodudwlrq ri }hur +l1h1 ￿ @ 3, wkh rswlpdo ghwhfwlrq h￿ruw lv }hur1
Zh wxuq wr wkh wd{sd|hu qrz1 Vxssrvh iru lqvwdqfh wkdw d wd{sd|hu kdv hduqhg wkh lqfrph
frpsrqhqw dqg ghflghv qrw wr ghfoduh wklv lqfrph1 Wkhq kh idfhv wkh iroorzlqj pd{lpl}dwlrq














Zh rqfh djdlq kdyh wr frqvlghu d srvvleoh fruqhu vroxwlrq1 Iru $ A ￿4@￿I wkh rswlpdo h￿ruw
lv }hur1 Wklv lv wkh fdvh zkhqhyhu wkh frqfhdophqw rssruwxqlw| lv yhu| vpdoo dqg wkhuh duh qr
h￿hfwlyh dqg fkhds phdqv ri fryhudjh dydlodeoh1 Iurp wkh ￿uvw0rughu frqglwlrq dqg iurp see A 3
iroorzv wkdw wkh rswlpdo frqfhdophqw h￿ruw hW zhdno| lqfuhdvhv zlwk wkh ￿qh I dqg zlwk wkh
frqfhdophqw rssruwxqlw| ￿1 Zh vxppdul}h wkhvh ￿qglqjv lq wkh iroorzlqj ohppdv145
Ohppd 4 Li wkh wd{ lqvshfwru revhuyhv d ghfodudwlrq ri 3 iru dq lqfrph frpsrqhqw dqg fkrrvhv
wr dxglw/ klv rswlpdo ghwhfwlrq h￿ruw dW kdv wkh iroorzlqj surshuwlhv= dW ￿ 3/ gdW@gh @ 3/
gdW@g￿ ￿ 3> gdW@gI ￿ 3/ dW+￿ m ￿ @ 3, @ 31
Ohppd 5 Li wkh wd{sd|hu hduqhg dq lqfrph iurp d vrxufh dqg ghflghg wr klgh wklv lqfrph/ klv
rswlpdo frqfhdophqw h￿ruw hW kdv wkh iroorzlqj surshuwlhv= hW ￿ 3> ghW@gd @ 3/ ghW@g￿ ￿ 3>
ghW@gI ￿ 31
Wkh zhdn lqhtxdolwlhv frph iurp wkh idfw wkdw zh glg qrw uxoh rxw wkh fruqhu vroxwlrqv
dW @ 3 dqg hW @ 31 Li }hur h￿ruwv duh rswlpdo d pdujlqdoo| lqfuhdvhg lqfhqwlyh iru frqfhdophqw
ru ghwhfwlrq grhv qrw qhfhvvdulo| ohdg wr d srvlwlyh h￿ruw ehfrplqj sur￿wdeoh1
9 Dxglwlqj zlwk jkrvwv
Lq wkh olwhudwxuh +h1j1 Frzhoo dqg Jrugrq/ 4<<8, wd{sd|huv wkdw idlo wr ￿oo lq d wd{ irup duh
uhihuuhg wr dv jkrvwv1 Lq uhdolw| rqh pd| glvwlqjxlvk ehwzhhq qrq0￿ohuv dqg wd{sd|huv wkdw
pdnh d }hur ghfodudwlrq1 Lq rxu prgho/ krzhyhu/ wkhuh lv qr vwudwhjlf gl￿huhqfh ehwzhhq wkh wzr
gl￿huhqw w|shv ri ehkdylrxu li zh dvvxph wkdw wkh wd{ dxwkrulw| kdv dw ohdvw wkh nqrzohgjh derxw
wkh h{lvwhqfh ri wkh wd{sd|huv1 Zh dvvxph wklv wr eh wkh fdvh1 Zh duh dzduh wkdw wklv dvvxpswlrq
lv sureohpdwlf iru frxqwulhv +olnh wkh Xqlwhg Nlqjgrp, zkhuh qr v|vwhp ri uhjlvwudwlrq h{lvwv1
Iru frxqwulhv zlwk v|vwhpv ri uhjlvwudwlrq +olnh h1j1 Jhupdq|, wkh dvvxpswlrq vhhpv uhdvrqdeoh1
45Qrwh/ wkdw wkh vhfrqg0rughu frqglwrqv duh reylrxvo| ixo￿oohg1
<Lq wklv vhfwlrq zh orrn dw wkh frqglwlrqv wr eh ixo￿oohg wkdw ehkdylqj dv d jkrvw zlwk fhuwdlqw|
rffxuv dv dq htxloleulxp vwudwhj|1 Zh h{dplqh/ zkdw wkh dxwkrulw| pljkw zdqw wr gr djdlqvw
wkdw dqg zkhwkhu wkh srvvlelolw| ri vhtxhqwldo dxglwlqj 0 frpsduhg wr vlpxowdqhrxv dxglwlqj 0
grhv khos wr ghwhu wd{sd|huv wr ehkdyh dv jkrvwv1
914 Jkrvwv zlwk vlpxowdqhrxv dxglwlqj
Vxssrvh wkhuh duh Q lghqwlfdo lqfrph vrxufhv zlwk d klglqj rssruwxqlw| ￿/ zklfk |lhog lqfrph
\ zlwk suredelolw| ￿ hdfk1 Wkhq wkh vwudwhj| d jkrvw zloo iroorz lv fkdudfwhul}hg e|
gW
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> +43,
zkhuh hW vroyhv wkh ￿uvw0rughu frqglwlrq +htxdwlrq ;, li srvvleoh ru lv htxdo wr 3 rwkhuzlvh1 Qrwh
wkdw d jkrvw qhfhvvdulo| kdv wr eh d furrn +￿ @ 3,/ ehfdxvh zh dvvxphg wkdw wkh prudo hydvlrq
frvw iru wkh jrrg flwl}hqv wr eh surklelwlyh1 Vr dq krqhvw wd{sd|hu zlwk ￿ @ ￿￿ lq wkh vdph
vlwxdwlrq dozd|v uhsruwv wuxwkixoo| +g￿ @ \ @
￿ , dqg frqvhtxhqwo| h{huwv qr frqfhdophqw h￿ruw=
gW
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￿ ;l +44,
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￿+￿￿, @ 3 ;l +45,
Frqvlghu wkh vwudwhj| ri d wd{ lqvshfwru zkr vlpxowdqhrxvo| ghflghv klv ghwhfwlrq h￿ruwv iru
doo lqfrph vrxufhv1 Iru wklv ghflvlrq wkh wd{ lqvshfwru*v eholhiv duh fuxfldo1 Wkh wd{ dxwkrulw| kdv
wr dvvljq d suredelolw| wr hyhu| lqfrph vrxufh wkdw wd{ hydvlrq kdv wdnhq sodfh1 Wkh dydlodeoh
lqirupdwlrq xqghu vlpxowdqhrxv dxglwlqj lv wkh sulru suredelolw| wkdw dq lqfrph vrxufh lv hduqhg
￿/ wkh sulru suredelolw| ri idflqj d furrn ￿> dqg wkh wd{ uhwxuq +l1h1 wkh yhfwru ri lqfrph
ghfodudwlrqv g,1 Ohw xv ghqrwh dq revhuyhg ghfodudwlrq yhfwru wkdw frqwdlqv rqo| }hurv dv gf dqg
d ghfodudwlrq yhfwru wkdw grhv frqwdlq dw ohdvw rqh hohphqw wkdw lv \ dv gt 1 Wrjhwkhu gf dqg gt
frqwdlq doo srvvleoh ghfodudwlrq sdwwhuqv1 Lq d Shuihfw Ed|hvldq Htxloleulxp wkh eholhiv kdyh wr
eh frqvlvwhqw zlwk wkh vwudwhj| ri wkh rssrqhqw1 Reylrxvo|/ lq htxloleulxp wkh eholhyhg hydvlrq
suredelolw| iru hyhu| lqfrph vrxufh kdv wr eh 3 li wkh wd{ lqvshfwru revhuyhv d ghfodudwlrq gt /
zklfk lv d wd{ irup zkhuh dw ohdvw rqh lqfrph ri \ lv ghfoduhg1 Wkh uhdvrqlqj jrhv olnh wklv= Li
zh zdqw wr vxssruw d jkrvw htxloleulxp zlwk frqvlvwhqw eholhiv d wd{ lqvshfwru revhuylqj d vlqjoh
ghfoduhg lqfrph frpsrqhqw vkrxog xsgdwh wkdw wklv qhyhu fdq eh wkh ghfodudwlrq ri d furrn/
vlqfh d furrn zrxog ehkdyh dv d jkrvw dqg zrxog dozd|v vxeplw d irup gf wkdw frqwdlqv rqo|
}hurv1 Frqvhtxhqwo|/ wkh wd{sd|hu kh idfhv kdv wr eh ri wkh krqhvw w|sh1 Wkh eholhyhg suredelolw|
iru wkh lqfrph vrxufhv wr eh hydghg kdv wr eh }hur iru hyhu| srwhqwldo lqfrph frpsrqhqw1 Wklv
htxloleulxp eholhi lv ghqrwhg e|
￿W
￿+gt , @ 3 ;l=
Zkdw vkrxog wkh wd{ lqvshfwru wklqn ri d wd{ irup wkdw frqwdlqv rqo| }hur ghfodudwlrqv iru doo
lqfrph vrxufhvB Zh ￿uvw ghulyh wkh xsgdwhg suredelolw| wkdw d gf ghfodudwlrq frphv iurp d
furrn1 Wklv suredelolw| vkrxog eh wkh sulru suredelolw| ri idflqj d furrn +l1h1 ￿, qrupdol}hg e|
wkh suredelolw| wkdw gf lv revhuyhg1 Wkh suredelolw| wkdw dq doo0}hur ghfodudwlrq frphv iurp d
srru krqhvw wd{sd|hu wkdw glgq*w hduq d vlqjoh lqfrph vrxufh lv jlyhq e| +4￿￿,+4￿￿,￿1 Wkhq
43wkh suredelolw| ri idflqj d furrn +ghqrwhg e| ￿W+gf,, diwhu revhuylqj gf lv
￿W+gf, @
￿
+4 ￿ ￿,+4 ￿ ￿,￿ . ￿
=
Frqvhtxhqwo|/ wkh suredelolw| ri idflqj dq dozd|v hydglqj furrn/ wkdw hduqhg lqfrph vrxufh l
dqg hydghg lw/ kdv wr eh
￿W
￿+gf, @ ￿ ￿ ￿W+gf, ;l
Jlyhq wkhvh eholhiv wkh wd{ dxwkrulw| zloo h{huw dq h￿ruw iru hyhu| lqfrph vrxufh wkdw iroorzv
htxdwlrq 9 zkhuh ￿ lv jlyhq e| ￿W
￿+gf,1 Wkh h￿ruwv zloo eh dW
_ @ 3 iru dq revhuydwlrq ri gt
dqg dW
f ￿ 3 li gf lv revhuyhg1 D kljkhu vkduh ri furrnv lq wkh srsxodwlrq ￿/ dqg d kljkhu sulru
suredelolw| wkdw wkh vrxufh lv surgxfwlyh ￿ zhdno| lqfuhdvh dW1 Wkh lqwxlwlyh uhdvrq iru wklv lv
wkdw wkh sulru suredelolwlhv iru furrnv dqg surgxfwlyh lqfrph vrxufhv lqfuhdvh wkh wd{ lqvshfwruv
eholhi ￿W wkdw wkh lqfrph vrxufh lv hduqhg dqg hydghg jlyhq wkdw kh uhfhlyhg d ghfodudwlrq ri
}hur1 Wklv jhqhudwhv d kljkhu lqfhqwlyh wr dxglw +wkurxjk wkh ￿uvw0rughu frqglwlrq,1 Wkh h￿ruw
lq wkh srvvleoh htxloleulxp h{huwhg e| wkh wd{ lqvshfwru iru doo vrxufhv lv ghvfulehg e|=
dW @
￿
3 li g @ gt
dW
f+￿+gf,, li g @ gf
= +46,
Wr ￿qg wkh sdudphwhu frq￿jxudwlrqv wkdw doorz iru d jkrvw htxloleulxp zlwk vlpxowdqhrxv
dxglwlqj zh kdyh wr fkhfn li ehkdylqj dv d jkrvw sd|v iru wkh wd{sd|hu +jlyhq wkh uhdfwlrq ri
wkh wd{ dxwkrulw|,1 Ohw q ghqrwh wkh qxpehu ri lqfrph vrxufhv +rxw ri Q srvvleoh, wkdw zhuh
surgxfwlyh iru wkh wd{sd|hu1 Wkhq klv sd|r￿ iurp jrlqj hqwluho| xqghujurxqg li kh lv d furrn
fdq eh zulwwhq dv=
X+gf>q, @ q^\ ￿ s+hW>dW
f,I ￿ hW@￿`= +47,
Sursrvlwlrq 4 D jkrvw htxloleulxp +fkdudfwhul}hg e| htxdwlrqv </ 43/ 44/ 45/ dqg 46, rffxuv
rqo| li jkrvw ehkdylrxu lv rswlpdo iru wkh wd{sd|hu zkhq doo lqfrph vrxufhv duh hduqhg1 Wkh




f, ￿ s+hW>3,` . s+hW>3,= +48,
Surri1 Qrwh wkdw wkh vwudwhj| ri wkh wd{ dxwkrulw| dW lv dozd|v rswlpdo iru d jlyhq jkrvw
ehkdylrxu dqg frqvlvwhqw eholhiv1 Zh kdyh wr fkhfn xqghu zkdw flufxpvwdqfhv wkh wd{sd|hu kdv
qr lqfhqwlyhv wr ghyldwh iurp ghfodulqj rqo| }hurv jlyhq wkh dxglwlqj vwudwhj| ri wkh wd{sd|hu1
Ohw xv ￿uvw ghwhuplqh wkh ehvw ghyldwlrq iru wkh wd{sd|hu1 Ghfodulqj rqh ri wkh q hduqhg
lqfrph vrxufhv dqg fkrrvlqj rswlpdo h￿ruwv sd|v XÅ @ +q ￿4,+\ ￿ s+hW>3,I ￿ hW@￿, . \ ￿W=
Ghfodulqj m .4 lqfrph vrxufh |lhogv XÅn￿ @ +q￿4￿m,+\ ￿s+hW>3,I ￿hW@￿,.+4.m,+\ ￿W,
zlwk m 5 i4>￿￿￿ >q ￿ 4j= Wkhq zh ￿qg wkdw
XÅ U XÅn￿;m 5 i4>￿￿￿ >q ￿ 4j li s+hW>3, T +W ￿ hW@￿,@I= +49,
Vlqfh XÅn￿ lqfuhdvhv zlwk m li s+hW>3, A +W ￿ hW@￿,@I> zh ￿qg wkdw ghshqglqj rq s+hW>3,
wkh srvvleoh ehvw ghyldwlrq lv hlwkhu uhsruwlqj wuxwkixoo| iru doo vrxufhv ru mxvw ghfodulqj rqh
lqfrph vrxufh1 Frpsdulqj wkh htxloleulxp sd|r￿ iurp ehkdylqj dv d jkrvw iru q hduqhg lq0
frph vrxufhv +iurp 47, zlwk wkh ghyldwlrq sd|r￿ XÅ |lhogv X+gf>q, ￿ XÅ li +W ￿ hW@￿,@I ￿
44q^s+hW>dW
f, ￿ s+hW>3,`.s+hW>3,= Lq htxloleulxp wklv kdv wr krog iru doo q1 Vlqfh ukv ri wkh suhylrxv
lqhtxdolw| lqfuhdvhv zlwk q> zkloh wkh ohiw kdqg vlgh lv qrw lq xhqfhg e| q> wkh vwurqjhvw frqglwlrq
rq wkh sdudphwhuv lv jlyhq e| q @ Q1 Wkh fdvh zkhuh wkh ehvw ghyldwlrq lv wuxwkixo ehkdylrxu lv
lqfoxghg lq htxdwlrq 48/ ehfdxvh vhwwlqj q @ 3 uhgxfhv wkh frqglwlrq wr s+hW>3, A +W ￿ hW@￿,@I/
zklfk lv mxvw wkh frqglwlrq iru krqhvw| ehlqj wkh ehvw ghyldwlrq iurp d srvvleoh jkrvw htxloleulxp1
Uhsodflqj q e| Q lq wkh lqhtxdolw| deryh jlyhv wkh fodlphg frqglwlrq1
Wkh frqglwlrq iru jkrvwv wr h{lvw lv txlwh lqwxlwlyh1 Rq wkh ohiw kdqg vlgh ri frqglwlrq +48, zh
kdyh wkh srvvleoh qhw jdlq shu lqfrph vrxufh glylghg e| wkh ￿qh1 Frqvhtxhqwo|/ kljkhu wd{hv W/
kljkhu frqfhdophqw rssruwxqlwlhv ￿ dqg orzhu ￿qhv I surprwh jkrvw ehkdylrxu1 Rq wkh rwkhu
kdqg/ wkh pruh h￿hfwlyh wkh rswlpdo dxglw h￿ruw dW lv frpsduhg wr uxeehu0vwdpslqj +d @ 3,/ wkh
kljkhu wkh jdlqv iurp hydglqj kdyh wr eh iru wkh wd{sd|hu wr eh zloolqj wr dfw dv d jkrvw1 Pruh
srwhqwldo lqfrph vrxufhv dovr kdyh d ghwhuuhqw h￿hfw1 Wkh lqwxlwlrq khuh lv wkdw pruh vrxufhv
pdnh lw vzhhwhu iru d furrn wr ghfoduh mxvw rqh ri wkhp wuxwkixoo| lq rughu wr suhwhqg wr eh rqh
ri wkh jrrg flwl}hqv dqg wr jhw dzd| zlwk wkh frqfhdophqw ri wkh rwkhu lqfrph frpsrqhqwv1
Orrvho| vshdnlqj/ zh zloo pdlqo| ￿qg jkrvwv zkhuh qrw wrr pdq| lqfrph rssruwxqlwlhv h{lvw/
zkhuh wkh wd{hv duh kljk zkloh frqfhdophqw lv fkhds/ dqg zkhuh lw grhvq*w pdnh d elj gl￿huhqfh
iru wkh ghwhfwlrq ulvn zkhwkhu wkh dxwkrulw| lqyhvwljdwhv ru qrw1 Furrnv pd| ehkdyh dv jkrvwv li
wkh| kdyh wkh rssruwxqlw| wr hduq prqh| zlwk rqh r￿ wudqvdfwlrqv wkdw kdugo| ohdyh dq| wudlov
ru fkhfnlqj srvvlelolwlhv1 Wklv uhvxow vhhpv udwkhu lqwxlwlyh146 Rxu vw|ol}hg prgho zlwk pxowlsoh
lqfrph vrxufhv jlyhv d uhdvrqdeoh suhglfwlrq rq wkh lq xhqfh wkdw wd{hv/ hduqlqj rssruwxqlwlhv/
￿qhv/ dqg vrxufh uhodwhg dxglw h!flhqf| pd| kdyh rq jkrvw ehkdylrxu1
915 Jkrvwv zlwk vhtxhqwldo dxglwlqj
Zh qrz wxuq wr wkh vlwxdwlrq zkhuh wkh wd{ dxwkrulw| dxglwv vhtxhqwldoo|1 Wkh gl￿huhqfh iurp
wkh fdvh zlwk vlpxowdqhrxv dxglwlqj lv wkdw wkh wd{ lqvshfwru fdq xvh lqirupdwlrq jdlqhg iurp
suhylrxv dxglwlqj wr dgmxvw klv dxglwlqj h￿ruw1 Wkh pdlq sxusrvh ri wklv vhfwlrq lv wr ￿qg rxw
zkhwkhu wkh dgglwlrqdo lqirupdwlrq jdlqhg e| vhtxhqwldo dxglwlqj lv xvhixo wr suhyhqw wd{sd|huv
iurp ehkdylqj dv jkrvwv1 Wr dqvzhu wklv txhvwlrq zh ghulyh d frqglwlrq iru d jkrvw htxloleulxp
wr dsshdu zkhq vhtxhqwldo dxglwlqj lv srvvleoh1 Lq rughu wr frpsduh wkh h￿hfwlyhqhvv ri wkh wzr
gl￿huhqw dxglw uhjlphv zh fkhfn xqghu zklfk uhjlph wkh hqylurqphqw kdv wr eh pruh idyrxudeoh
iru wkh wd{sd|huv wr ehkdyh dv jkrvwv1
Wkh prvw lpsruwdqw fkdqjh wr wkh vlpxowdqhrxv dxglwlqj fdvh lv wkdw wkh lqvshfwru dgmxvwv
klv eholhiv +derxw idflqj d furrn, diwhu hyhu| vlqjoh dxglw uhvxow kh uhfhlyhv1 Qrwh wkdw zh kdyh
wr ￿qg wkh eholhiv wkdw ehorqj wr d jkrvw htxloleulxp/ l1h1 wkh wd{sd|hu zloo dozd|v vxeplw dq
doo }hur wd{ ghfodudwlrq li kh lv d furrn1 Wkh eholhyhg suredelolw| ri idflqj d furrn ehiruh wkh
￿uvw dxglw jlyhq d wd{ irup wkdw frqwdlqv rqo| }hurv lv wkh vdph dv lq wkh vlpxowdqhrxv fdvh1
Ohw xv ghqrwh wklv eholhi dv ￿f1 Qrz frqvlghu wkh eholhi ￿Å/ zklfk lv wkh eholhi ri idflqj d furrn
diwhu revhuylqj wkh dxglw uhvxow iru ￿uvw lqfrph vrxufh1 Wkuhh wklqjv fdq kdsshq gxulqj wkh ￿uvw
dxglw= Wkh dxwkrulw| pd| eh deoh wr ￿qg frqfhdohg lqfrph/ pd| qrw eh deoh wr yhuli| d fhuwdlq
lqfrph/ ru pd| gh￿qlwho| ￿qg qr lqfrph1 Li wkh dxwkrulw| ￿qgv vrph hydghg wd{ lw nqrzv zlwk
fhuwdlqw| wkdw lw idfhv d furrn/ ￿Å kdv wr eh rqh1 Zkdw fdq wkh wd{ lqvshfwru lqihu iurp qrw
kdylqj vxffhhghg lq yhuli|lqj wkh wuxh lqfrphB Nqrzlqj wkdw kh zrxog kdyh ehhq deoh wr yhuli|
wkh lqfrph li lw kdg ehhq }hur/ kh vkrxog lqihu wkdw kh idfhv dq hydghu1 Lq wklv fdvh ￿Å vkrxog
46Hudug dqg Kr +5334, vkrz hfrqrphwulfdoo| wkdw lqghhg wkh pdlq fkdudfwhulvwlfv ri jkrvwv duh hduqlqjv wkdw
duh kdugo| revhuydeoh1
45dovr eh rqh147 Lq wkh fdvh wkdw wkh dxglw yhul￿hv wkdw qr lqfrph lv hduqhg iurp wkh vrxufh lq
txhvwlrq wkh wd{ lqvshfwru fdqqrw frqfoxgh zlwk fhuwdlqw| zkhwkhu kh idfhv d furrn ru dq krqhvw
flwl}hq1 Kh kdv wr uho| rq wkh sulru suredelolw| ri idflqj d furrn qrpdolvhg e| wkh suredelolw|
wkdw iru wkh uhpdlqlqj vrxufhv qr lqfrph lv ghfoduhg1 Vr wkh eholhi ri idflqj d furrn zhdnhqv/
ehfdxvh wkh suredelolw| wkdw wkh doo0}hur ghfodudwlrq frphv iurp d srru flwl}hq lqfuhdvhv diwhu
dq dxglw zkhuh qr lqfrph zdv irxqg1
Ghqrwh wkh eholhi ri idflqj d furrn ehiruh dxglwlqj lqfrph vrxufh l . 4 0 kdylqj dxglwhg
vrxufhv 4 wr l douhdg| 0 e| ￿￿+K,> zkhuh K lv wkh lqirupdwlrq jdlqhg e| suhylrxv dxglwv1 Ohw
K eh rqh li wkhuh zdv dq dxglw zkhuh d }hur lqfrph frxog qrw eh yhul￿hg 0 l1h1 suryhq wd{
hydvlrq ru wkh vxvslflrq ri dq qrq0yhul￿deoh lqfrph 0 dqg }hur rwkhuzlvh1 Zh fdq vxppdul}h
wkh dssursuldwh eholhiv jlyhq dq doo0}hur ghfodudwlrq dqg wkh klvwru| ri dxglwv=
￿￿+K>gf, @
+
4 li K @ 4
q
EÅ3q￿EÅ3b￿￿3￿nq li K @ 3 =
Vr wkh eholhi uhohydqw iru wkh dxglw h￿ruw ghflvlrq iru vrxufh l . 4 lv jlyhq e|
￿￿+K>gf, @ ￿ ￿ ￿￿+K>gf,= +4:,
Wkh rswlpdo vhtxhqwldo dxglw h￿ruwv iru dq doo0}hur ghfodudwlrq dqg d jlyhq dxglw klvwru| lv
gh￿qhg e| htxdwlrq 8/ zkhuh wkh eholhiv ￿￿ iroorz htxdwlrq 4:1
Zh kdyh wr eh txlwh fduhixo/ zkhq gh￿qlqj wkh eholhiv dqg wkh uhvxowlqj vwudwhj| wkh dxwkrulw|
zloo dgrsw zkhqhyhu lw revhuyhv dw ohdvw rqh ghfoduhg lqfrph vrxufh1 Qdwxudoo| lq wkh ehjlqqlqj
wkh wd{ lqvshfwru 0 jlyhq wkh srvvleoh jkrvw htxloleulxp vwudwhj| ri wkh wd{sd|hu 0 vkrxog eholhyh
lw lv idflqj d krqhvw wd{sd|hu zkhqhyhu kh revhuyhv gt 1 Wkhq wkh dxwkrulw| kdv wzr srvvleoh
zd|v wr jr dkhdg1 Lw pd| uxeehu0vwdps wkh irup dqg forvh wkh fdvh ru lw pd| nhhs wkh fdvh rshq
dqg xsgdwh wkh eholhiv dffruglqj wr zkhwkhu fkdqfh ohdgv wr dq| vxusulvlqj yhul￿fdwlrq uhvxowv1
Wkh ￿uvw vwudwhj| lv wkh vdph dv vlpxowdqhrxvo| dxglwlqj zlwk h￿ruw }hur/ wkh odwwhu fruuhvsrqgv
wr vhtxhqwldo dxglwlqj zlwk h￿ruw }hur dw wkh ehjlqqlqj1 Jlyhq wkh srvvleoh htxloleulxp eholhiv
h{ dqwh erwk vwudwhjlhv |lhog wkh vdph h{shfwhg uhyhqxh iru wkh wd{ dxwkrulw|/ zklfk lv mxvw
wkh dprxqw ri wd{hv sdlg iru wkh ghfoduhg vrxufhv1 Lw vhhpv reylrxv wkdw d wd{ lqvshfwru zkr
grhv qrw h{shfw dq| jdlqv iurp zdlwlqj pljkw suhihu wr forvh wkh fdvh lpphgldwho|1 Zh gr qrw
h{solflwo| prgho wkh zdlwlqj frvw wkdw pljkw rffxu/ exw dvvxph lqvwhdg wkdw wkh wd{ dxwkrulw|
dozd|v dxglwv vlpxowdqhrxvo| li wkh h{shfwhg uhwxuqv duh htxdo148 Lw iroorzv wkdw
￿￿+gt , @ 3 ;l
dW
￿+gt , @ 3 ;l= +4;,
Vr idu/ zh glg qrw glvfxvv wkh ghwhuplqdqwv iru wkh rswlpdo vhtxhqfh ri vrxufhv wr eh dxglwhg1
Lq rxu vlpsol￿hg iudphzrun/ zkhuh wkh vrxufhv duh lghqwlfdo dqg qrw fruuhodwhg/ h{ dqwh wkh wd{
47Wklv ￿shuihfw￿ xsgdwlqj frphv iurp dvvxpswlrq D7 dqg fdq eh vhhq dv wkh prvw idyrxudeoh hqylurqphqw iru
vhtxhqwldo dxglwlqj1 Qhyhuwkhohvv/ hyhq lq d ohvv idyrxudeoh hqylurqphqw rxu pdlq uhvxow wkdw vhtxhqwldo dxglwlqj
lpsrvhv d vwulfwhu frqglwlrq rq sdudphwhuv wr revhuyh jkrvwv vwloo jrhv wkurxjk1 Exw wkh dqdo|vlv jhwv yhu|
frpsolfdwhg zlwk ￿lpshuihfw￿ xsgdwlqj1
48Wklv dvvxpswlrq zrunv lq idyrxu ri jkrvw ehkdylrxu1 Li wkh wd{ lqvshfwru grhv qrw forvh wkh fdvh wkh frqglwlrq
iru sur￿wdeoh jkrvw ehkdylrxu ehfrphv pruh uhvwulfwlyh1 Krzhyhu/ wkh dvvxpswlrq wkdw wd{ lqvshfwru forvhv wkh
fdvh lpphghdwo| lv dtxlydohqw wr wkh dvvxpswlrq wkdw wkhuh duh zdlwlqj frvwv1
46dxwkrulw| lv lqgl￿huhqw ehwzhhq dxglw sdwkv1 Lw kdv qr uhohydqfh iru wkh iroorzlqj uhvxowv krz
zh vshfli| wkh vhtxhqfh ri dxglwv1
Lq zkdw iroorzv zh ghulyh wkh sd|r￿ d wd{sd|hu wkdw hydghv doo klv lqfrph vrxufhv fdq h{shfw1
Vlqfh wkh vhtxhqfh ri lqfrph vrxufhv wr eh dxglwhg lv qrw xqltxho| ghwhuplqhg 0 hyhu| vhtxhqfh
dqg hyhu| udqgrplvdwlrq ryhu gl￿huhqw vhtxhqfhv lv srvvleoh/ zh suhvhqw wkh h{shfwhg sd|r￿ ri d
jkrvw lq whupv ri eholhiv ryhu srvvleoh dxglw sdwkv1 Zh rqfh pruh ghqrwh wkh qxpehu ri hduqhg
lqfrph vrxufhv dv q1 Wkhq wkh h{shfwhg sd|r￿ iru wkh jkrvw zloo eh=








Wkh ￿uvw whup lv wkh lqfrph qhw ri frqfhdophqw frvwv1 Wkh vxp fruuhvsrqgv wr wkh h{shfwhg ￿qh/
zkhuh H ^s&+hW>dW
&,` lv wkh h{shfwhg yhul￿fdwlrq suredelolw| iru wkh frqfhdohg lqfrph vrxufh n1
Zh fdq vlpsoli| wklv h{suhvvlrq li zh h{suhvv wkh h{shfwhg yhul￿fdwlrq suredelolwlhv H ^s&+hW>dW
&,`






￿ I ￿ H ^￿ s+q,`
￿
+4<,
Lw zloo suryh xvhixo wr hvwdeolvk d uhvxow derxw wkh ehkdylrxu ri H^￿ s` zkhq wkh qxpehu ri hduqhg
lqfrph vrxufhv ydulhv1 Wklv lv grqh lq wkh iroorzlqj ohppd1
Ohppd 6 Wkh h{shfwhg dyhudjh yhul￿fdwlrq suredelolw| iru hduqhg lqfrph vrxufhv H^￿ s` lqfuhdvhv
zhdno| zlwk q/ wkh qxpehu ri surgxfwlyh lqfrph vrxufhv1
Surri1 Vhh dsshqgl{1
Wkh lqwxlwlrq ehklqg wkh uhvxow wkdw wkh dyhudjh h{shfwhg ghwhfwlrq suredelolw| lqfuhdvhv
zlwk wkh qxpehu ri surgxfwlyh lqfrph vrxufhv lv txlwh vlpsoh= Li d wd{sd|hu hduqhg pruh lqfrph
vrxufhv dqg frqfhdohg wkhp doo/ dq dxwkrulw| wkdw dxglwv vhtxhqwldoo| lv pruh olnho| wr ￿qg rxw
hduolhu wkdw lw lv idflqj d furrn1 Wkhq wkh wd{ lqvshfwru zloo hduolhu vwhs xs wkh ghwhfwlrq h￿ruw1
Vr wkh dyhudjh ghwhfwlrq h￿ruw dqg wkh dyhudjh h{shfwhg ghwhfwlrq suredelolw| lqfuhdvh1
Zlwk wklv ohppd lq kdqg zh duh deoh wr fkdudfwhul}h wkh frqglwlrq wkdw kdv wr krog iru d jkrvw
htxloleulxp lq wkh fdvh wkdw wkh dxwkrulw| dxglwv vhtxhqwldoo|1 Dqdorjrxv wr wkh vlpxowdqhrxv
dxglwlqj fdvh zh jhw wkh iroorzlqj frqglwlrq1
Sursrvlwlrq 5 D jkrvw htxloleulxp xqghu vhtxhqwldo dxglwlqj h{lvwv rqo| li jkrvw ehkdylrxu lv
rswlpdo iru wkh wd{sd|hu zkhq doo lqfrph vrxufhv duh hduqhg1 Wkh frqglwlrq lv jlyhq e|
W ￿ hW@￿
I








b lv wkh rswlpdo h￿ruw iru wkh dxwkrulw| zkhq lw eholhyhv wr idfh d furrn zlwk fhuwdlqw|1
Surri1 Wkh surri lv edvlfdoo| dorqj wkh vdph olqh dv lq wkh fdvh ri vlpxowdqhrxv dxglwlqj1
Rxu dvvxpswlrq wkdw dq dxwkrulw| dxglwv vlpxowdqhrxvo| zkhqhyhu wkh h{ dqwh h{shfwhg sd|0r￿v
duh htxdo wr wkrvh iurp vhtxhqwldo dxglwlqj hqvxuhv wkdw zh kdyh wkh vdph ghyldwlrq sd|0r￿v1 Wkh
lqhtxdolw| fkdudfwhul}lqj wkh ehvw ghyldwlrq lv jlyhq e| +49, rqfh djdlq1 Wkxv zh kdyh wr frpsduh
XÅ zlwk HX+gf>q, iurp +4<,= HX+gf>q, ￿ XÅ li +W ￿ hW@￿,@I ￿ q+H^￿ s+q,`￿s+hW>3,,.s+hW>3,=
Qrwh wkdw H^￿ s+q,` ￿ s+hW>3,/ vlqfh s+hW>3, lv d orzhu erxqg iru s li wkh wd{sd|hu h{huwv wkh
47rswlpdo h￿ruw1 Nqrzlqj wklv dqg wkdw ￿H^￿ s`@￿q ￿ 3 +iurp wkh suhylrxv ohppd, zh fdq
frqfoxgh wkdw wkh ukv zhdno| lqfuhdvhv zlwk q zkloh wkh okv lv frqvwdqw1 Vr wkh fulwlfdo ydoxh iru
q lv djdlq q @ Q1 Li q @ Q wkhq wkh dyhudjh dxglw suredelolw| grhv qrw ghshqg rq wkh dxglw
sdwk dq| pruh/ ehfdxvh doo srvvleoh dxglw sdwkv ehfrph htxlydohqw1 Wkh dxwkrulw| zloo vwduw
zlwk wkh sulru eholhi ￿f dqg zloo xsgdwh wr ￿Å @ ￿ diwhu wkh ￿uvw dxglw1 Uhsodflqj qH^￿ s+q,` e|
+Q ￿ 4,s+hW>dW
b, . s+hW>dW
f, jlyhv wkh fodlphg frqglwlrq1
Lq sulqflsoh wkh lqwhusuhwdwlrq ri wkh frqglwlrq wr eh vdwlv￿hg iru jkrvw ehkdylrxu lv wkh vdph
dv lq wkh vlpxowdqhrxv dxglwlqj vfhqdulr1 Wkh pdlq glvwlqfwlrq lv wkdw wkh uhohydqw phdvxuh iru
dxglw h￿hfwlyhqhvv lv qrz wkh gl￿huhqfh lq ghwhfwlrq ulvn ehwzhhq d uxeehu0vwdpslqj dxwkrulw|
dqg dq dxwkrulw| wkdw lqyhvwv lq ghwhfwlrq zkloh nqrzlqj wkdw lw idfhv d furrn149 Wklv lqfuhdvhg
dxglw h￿hfwlyhqhvv uh hfwv wkh dgglwlrqdo lqirupdwlrq wkh dxwkrulw| fdq rewdlq e| frqgxfwlqj
lwv dxglwv vhtxhqwldoo|1 Jlyhq wkh lqfuhdvhg dxglw h￿hfwlyhqhvv xqghu vhtxhqwldo dxglwlqj lw lv
vwudljkwiruzdug wr vkrz wkdw wkh srvvlelolw| wr dxglw vhtxhqwldoo| ohdgv wr d vwulfwhu frqglwlrq
wkdw kdv wr eh vdwlv￿hg lq rughu wr doorz iru jkrvw ehkdylrxu1 Vr vhtxhqwldo dxglwlqj lv dq
dssursuldwh wrro wr uhgxfh jkrvw ehkdylrxu1 Vrph wd{sd|huv zkr zrxog fkrrvh wr ehkdyh dv
jkrvwv xqghu vlpxowdqhrxv dxglwlqj gr qrw suhihu wr gr vr zkhq dxglwlqj lv vhtxhqwldo1
Sursrvlwlrq 6 Vhtxhqwldo dxglwlqj uhgxfhv jkrvw ehkdylrxu e| lpsrvlqj d vwurqjhu frqglwlrq rq
sdudphwhuv lq rughu wr doorz iru d jkrvw htxloleulxp1
Surri1 Wkh frqglwlrq iru vhtxhqwldo dxglwlqj lv vwurqjhu zkhqhyhu
+Q ￿ 4,+s+hW>dW
b, ￿ s+hW>3,, . s+hW>dW
f, A Q ^s+hW>dW
f, ￿ s+hW>3,` . s+hW>3,= Vlpsoli|lqj ohdgv wr
s+hW>dW
b, A s+hW>dW
f, iru Q A 3/ zklfk lpsolhv ￿ A ￿￿f= Wklv lv reylrxvo| wuxh iru 3 ? ￿ ? 41
Wkh lqwxlwlrq ehklqg wkh uhvxow lv wkh iroorzlqj1 E| vhtxhqwldoo| dxglwlqj wkh dxwkrulw| fdq
ohduq iurp suhylrxv dxglwv1 Ghwhfwlqj dq lqfruuhfwo| ghfoduhg lqfrph vrxufh whoov wkh dxwkrulw|
wkdw lw idfhv d furrn1 Wkh fdvh zkhuh dq dxglw ohdgv wr wkh uhvxow wkdw wkh dfwxdo lqfrph iurp d
fhuwdlq vrxufh fdqqrw eh yhul￿hg pdnhv wkh wd{ lqvshfwru vxvslflrxv1 Lq erwk fdvhv wkh dxwkrulw|
zloo vwhs xs wkh dxglw h￿ruw iru wkh uhpdlqlqj vrxufhv1 Wkh survshfw ri ehlqj khdylo| dxglwhg
ghwhuv vrph wd{sd|huv iurp ehkdylqj dv jkrvwv1
916 Wkh vhtxhqwldo dxglwlqj sdwk
Lpsolflwo|/ zh dvvxphg wkdw wkh dxwkrulw| lv zloolqj wr dxglw vhtxhqwldoo| zkhqhyhu frqglwlrq
+53, lv vdwlv￿hg1 Exw wklv vwudwhj| lv rqo| fuhgleoh li wkh h{ dqwh h{shfwhg sd|r￿ iurp vhtxhqwldo
dxglwlqj h{fhhgv wkh sd|r￿ iurp dxglwlqj doo lqfrph vrxufhv dw rqfh1 Vxssrvh iru lqvwdqfh
wkdw wkh wd{ dxwkrulw| fkrrvhv wkh uxohv ri wkh jdph +vhtxhqwldo ru vlpxowdqhrxv dxglwv, diwhu
revhuylqj wkh wd{ irup1 Wkhq zh zloo glvfxvv wkh fdvh zkhuh wkh dxwkrulw| fdq qhzo| ghflgh
diwhu hyhu| dxglw krz pdq| ri wkh uhpdlqlqj vrxufhv wr dxglw lq wkh qh{w vwhs1
91614 Vhtxhqwldo yhuvxv vlpxowdqhrxv dxglwlqj
Vxssrvh wkh dxwkrulw| kdv wr ghflgh diwhu revhuylqj wkh lqfrph ghfodudwlrq zkhwkhu wr dxglw
doo vrxufhv dw rqfh ru wr dxglw mxvw rqh lqfrph vrxufh dw d wlph1 Wkh wd{ lqvshfwru zloo fkrrvh
wkh odwwhu vwudwhj| li klv h{shfwhg sd|r￿ iurp grlqj vr lv eljjhu wkdq lw lv iru vlpxowdqhrxv
dxglwlqj1 Li wkh sdudphwhu vhwwlqj doorzv iru d jkrvw htxloleulxp iru erwk dxglwlqj vwudwhjlhv
49Xqghu vlpxowdqhrxv dxglwlqj wkh uhohydqw phdvxuh iru dxglw h￿hfwlyhqhvv zdv wkh gl￿huhqfh ehwzhhq wkh
yhul￿fdwlrq suredelolwlhv iru uxeehu0vwdpslqj dqg dxglwlqj zlwk wkh sulru eholhi1
480 l1h1 lqhtxdolw| +53, krogv 0 wkhq wkh lqwhuhvwlqj vlwxdwlrq lv d wd{ lqvshfwru revhuylqj dq doo0
}hur ghfodudwlrq14: Wkhq lw lv srvvleoh wr vkrz wkdw vhtxhqwldo dxglwlqj sd|v1 Wklv uhvxow lv
hvwdeolvkhg lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 7 Li wkh wd{sd|hu fdq ehkdyh dv jkrvw xqghu erwk dxglw uxohv wkhq vhtxhqwldo dx0
glwlqj sd|v iru wkh wd{ dxwkrulw|1
Surri1 Wkh surri lv lq wzr vwhsv1 Iluvw zh ghulyh wzr vx!flhqw frqglwlrqv iru rxu vwdwhphqw
wr eh wuxh/ wkhq zh vkrz wkdw wkhvh frqglwlrqv duh qhfhvvdulo| vdwlv￿hg1 Wkh sursrvlwlrq uhtxluhv
wkdw wkh vxp ri wkh h{ dqwh h{shfwhg dxglwlqj sd|0r￿v iurp vhtxhqwldo dxglwlqj lv juhdwhu wkdq
wkh vxp ri wkh lghqwlfdo h{shfwhg sd|0r￿v iurp vlpxowdqhrxv dxglwlqj=
￿3Å [
￿'f
H ^￿￿ ￿ s+hW>dW+￿￿,, ￿ I ￿ dW+￿￿,` A Q ^￿f ￿ s+hW>dW+￿f,, ￿ I ￿ dW+￿f,`= +54,
Wkh vxevfulswv iru wkh eholhiv ￿ ghqrwh wkh qxpehu ri dxglwv wkdw douhdg| kdyh wdnhq sodfh +￿f
lv wkh sulru eholhi,1 Qrwh wkdw H lv wkh h{shfwdwlrq rshudwru1 Wkh lqhtxdolw| lv fhuwdlqo| ixo￿oohg
li
H ^￿￿ ￿ s+hW>dW+￿￿,, ￿ I ￿ dW+￿￿,` A ￿f ￿ s+hW>dW+￿f,, ￿ I ￿ dW+￿f, ;l 5 i4>===>Q ￿ 4j=
Iru l @ 3 wkh h{shfwhg sd|0r￿v duh lghqwlfdo/ ehfdxvh wkh eholhiv iru wkh ￿uvw dxglw duh wkh vdph
xqghu erwk uhjlphv1 Zh nqrz wkdw xqghu vhtxhqwldo dxglwlqj wkhuh duh rqo| wzr srvvleoh ydoxhv
iru wkh eholhiv dw hyhu| vwdjh1 Wkhvh duh ￿￿cf li qr hduqhg lqfrph vrxufh zdv dxglwhg ehiruh dqg
￿￿cÅ @ ￿ rwkhuzlvh1 Ghqrwlqj wkh h{ dqwh eholhi wkdw diwhu l dxglwv qr hduqhg lqfrph vrxufh zloo
kdyh ehhq dxglwhg e| ￿￿ dqg holplqdwlqj wkh h{shfwdwlrq rshudwru ohdgv wr wkh frqglwlrq
￿￿
￿
￿￿cf ￿ s+hW>d+￿￿cf,, ￿ I ￿ dW+￿￿cf,
￿
. +4 ￿ ￿￿,+￿ ￿ s+hW>d+￿,, ￿ I ￿ dW+￿,,
A ￿f ￿ s+hW>dW+￿f,, ￿ I ￿ dW+￿f, ;l 5 i4>===>Q ￿ 4j=
Wkh wuhh sduwv ri wkh htxdwlrq mxvw ghshqg rq wkh eholhiv1 Zh fdq zulwh=
￿￿ ￿ U+￿￿cf, . +4 ￿ ￿￿,U+￿, A U+￿f, ;l 5 i4>===>Q ￿ 4j>
zlwk U+{, @ { ￿ s+hW>d+{,, ￿ I ￿ dW+{,
Wklv frqglwlrq vxuho| krogv +dsso|lqj Mhqvhq*v lqhtxdolw|, li U lv frqyh{ lq ￿ dqg H^￿￿` @ ￿f1
Wklv lv/
g2
g￿2U+￿, A 3 +F4,
￿￿ ￿ ￿￿cf . +4 ￿￿￿,￿ @ ￿f ;l 5 i4>===>Q ￿ 4j +F5,
Zh h{dplqh +F4, ￿uvw1
g2
g￿2U+￿, @ I ￿ s￿ ^d+￿,` ￿
￿
5d￿+￿, . ￿ ￿ d￿￿+￿,
￿
. +55,
. I ￿ ￿ ￿ d￿+￿,2 ￿ s￿￿ ^d+￿,` ￿ d￿￿+￿,
4:Iru d ghfodudwlrq zlwk dw ohdvw rqh srvlwlyh ghfodudwlrq wkh dxwkrulw| lv lqgl￿huhqw ehwzhhq erwk vwudwhjlhv>
wkh h{shfwhg htxloleulxp sd|r￿ lv mxvw wkh wd{ iru wkh ghfoduhg lqfrph frpsrqhqwv1
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Vlqfh s￿￿ +d+￿,, ? 3 e| dvvxpswlrq/ frqglwlrq +F4, lv vdwlv￿hg1
Frqglwlrq +F5, reylrxvo| kdv wr krog1 Wkh h{ dqwh h{shfwhg eholhi diwhu xsgdwlqj kdv wr
eh htxdo wr wkh sulru1 Wklv lv frpprqo| wuxh li wkh xsgdwlqj lv grqh zlwkrxw huuruv1 Vlqfh zh
dvvxphg wkdw wkh dxwkrulw| grhv qrw pdnh dq| plvwdnhv gxulqj wkh xsgdwlqj surfhvv +F5, lv
vdwlv￿hg1 Wkh surri iru rxu sxusrvh fdq eh irxqg lq wkh dsshqgl{1
Zh eulh | vxppdul}h zkdw zh kdyh hvwdeolvkhg vr idu lq wklv vhfwlrq1 Li wkh dxwkrulw| fdq
ghflgh wkh uxohv ri wkh jdph diwhu revhuylqj wkh lqfrph ghfodudwlrq iurp d srvvleoh jkrvw +l1h1 wkh
jkrvw frqglwlrq iurp sursrvlwlrq 5 krogv dqg d ghfodudwlrq frqwdlqlqj rqo| }hurv lv revhuyhg, lw
zloo ghflgh wr dxglw vhtxhqwldoo|1 Vhtxhqwldo dxglwlqj lv dq htxloleulxp/ ehfdxvh wkh sd|r￿ xqghu
wklv uhjlph lv kljkhu wkdq xqghu vlpxowdqhrxv dxglwlqj1 Ixuwkhupruh/ wkh srvvlelolw| ri dxglwlqj
vhtxhqwldoo| pd| ghwhu vrph wd{sd|huv iurp sod|lqj jkrvw/ vlqfh wkh frqglwlrq wkh sdudphwhuv
kdyh wr vdwlvi| iru jkrvw ehkdylrxu wr eh sur￿wdeoh lv vwurqjhu1
91615 Iuhh dxglwlqj fkrlfh
Lq zkdw iroorzv zh oliw wkh uhvwulfwlrq wkdw wkh dxwkrulw| kdv wr ghflgh rqfh dqg iru doo zkhwkhu wr
dxglw vhtxhqwldoo| ru vlpxowdqhrxvo|1 Vr vxssrvh wkh wd{ lqvshfwru fdq ghflgh diwhu hyhu| dxglw
krz pdq| vrxufhv kh zdqwv wr dxglw qh{w1 Li zh nhhs wkh dvvxpswlrq wkdw wkh dxwkrulw| zloo
fkrrvh wr dxglw vrxufhv wrjhwkhu li wklv jlyhv wkh vdph h{shfwhg sd|r￿ dv vhtxhqwldo dxglwlqj
grhv/ zh jhw dq dxglwlqj sdwwhuq lq htxloleulxp wkdw lv zlgho| revhuyhg lq uhdolw|1 Idflqj d
srwhqwldo jkrvw wkh wd{ lqvshfwru zloo dxglw vrxufh e| vrxufh xqwlo kh lv vxuh wkdw kh lv idflqj d
furrn1 Wkhq kh zloo frqgxfw d vlpxowdqhrxv ixoo vfdoh dxglw ri wkh uhpdlqlqj vrxufhv1 Wkdw vxfk
d surfhgxuh lv lqghhg rswlpdo iru wkh wd{ dxwkrulw| lv vwdwhg lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 8 Lw lv rswlpdo iru wkh dxwkrulw| idflqj d srwhqwldo jkrvw wr dxglw vrxufh e| vrxufh
dv orqj dv wkh eholhi wkdw wkh uhpdlqlqj vrxufhv duh surgxfwlyh dqg frqfhdohg lv vpdoohu wkdq ￿1
Li ￿ uhdfkhv ￿ lw lv rswlpdo wr dxglw doo uhpdlqlqj vrxufhv vlpxowdqhrxvo|1
Surri1 Vhh dsshqgl{1
Wkh dxglw sdwk wkdw lv ghvfulehg dv rswlpdo e| wkh deryh sursrvlwlrq fuhdwhv dxglw sdwwhuqv
wkdw duh zlgho| revhuyhg lq uhdolw|1 Wkh wd{ lqvshfwru slfnv d fhuwdlq lqfrph vrxufh iru dxglw1 Li
kh fdqqrw ￿qg dq| frqfhdohg lqfrph gxulqj wklv dxglw kh pd| vzlwfk wr dqrwkhu srwhqwldo lqfrph
vrxufh wr frqgxfw fkhfnv zlwk d uhgxfhg h￿ruw1 Exw dv vrrq dv wkh lqvshfwru jhwv vxvslflrxv ru
hyhq fdq suryh hydvlrq/ doo srvvleoh lqfrph vrxufhv duh lpphgldwho| fkhfnhg zlwk kljk h￿ruw1
Wkh dvvxpswlrq wkdw wkh wd{ lqvshfwru dxglwv vlpxowdqhrxvo| li kh lv lqgl￿huhqw ehwzhhq wkh
wzr dxglw vwudwhjlhv lv fuxfldo iru rxu uhvxow wkdw lq wkh fdvh ri vxvslflrq vlpxowdqhrxv ixoo0vfdoh
dxglwv duh frqgxfwhg1 Krzhyhu/ wkhuh lv qr uhdvrq zk| wkh dxwkrulw| vkrxog frqgxfw vhtxhqwldo
ixoo0vfdoh dxglwv1 Rq wkh rqh kdqg wkhuh lv qrwklqj wr ohduq derxw wkh wd{sd|hu dq| pruh/
4:vlqfh wkh wd{ lqvshfwru lv fhuwdlq wr idfh d furrn1 Dqg rq wkh rwkhu kdqg vhtxhqwldo dxglwlqj
frxog fdxvh vrph dgglwlrqdo frvwv wkdw duh qrw lqfoxghg lq rxu iudphzrun1 Rq pljkw wklqn ri
wkh srvvlelolw| wkdw wkh wd{sd|hu pd| wu| wr ghvwur| hylghqfh zkhq kh uhdol}hv wkdw kh zloo eh
vxemhfw wr d ixoo0vfdoh dxglw1
: Hydvlrq ri iudfwlrqv ri wrwdo lqfrph
Lq wklv vhfwlrq zh h{soruh zkdw wkh wd{sd|huv gr li wkh hqylurqphqw lv qrw idyrxudeoh hqrxjk
iru jkrvw ehkdylrxu1 Lqwxlwlrq vxjjhvwv wkdw lq vxfk d vlwxdwlrq furrnv pd| klgh rqo| vrph ri
wkhlu lqfrph frpsrqhqwv1 Wklv/ krzhyhu/ grhv qrw lqfuhdvh wkh jdlq iurp hydvlrq li wkh wd{
dxwkrulw| fdq dqwlflsdwh/ zklfk lqfrph frpsrqhqwv duh hydghg1 Frqvhtxhqwo|/ d furrn fuhdwhv
vrph dgglwlrqdo xqfhuwdlqw| iru wkh dxwkrulw| e| udqgrpo| fkrrvlqj wkh lqfrph frpsrqhqwv
kh hydghv1 Vxfk d ehkdylrxu ghfuhdvhv wkh dxwkrulw|*v shufhlyhg suredelolw| wkdw d sduwlfxodu
lqfrph frpsrqhqw lv hydghg1 Wkh orzhu suredelolw| fdxvhv d orzhu h{shfwhg sd|r￿ iurp dxglwlqj
dqg uhgxfhv wkh ghwhfwlrq h￿ruw1
Lq wkh iroorzlqj wzr vhfwlrqv zh fkdudfwhul}h wkh htxloleuld wkdw dulvh xqghu wkh gl￿huhqw
dxglw uxohv li sxuh jkrvw ehkdylrxu grhv qrw sd|1 Iru vlpsolflw| zh zloo rqo| frqvlghu wkh fdvh
zlwk wzr srwhqwldo lqfrph vrxufhv1 Lq rughu wr frpsduh wkh h￿hfwlyhqhvv ri wkh wzr gl￿huhqw
dxglw uxohv zh ghulyh frqglwlrqv rq wkh sdudphwhuv wkdw doorz iru sur￿wdeoh hydvlrq1 Lw wxuqv rxw
wkdw rqfh djdlq vhtxhqwldo dxglwlqj kdv wkh hgjh ryhu vlpxowdqhrxv dxglwlqj1 Wkh hqylurqphqw
qhfhvvdu| iru sur￿wdeoh hydvlrq kdv wr eh pruh idyrxudeoh iru wkh wd{sd|hu xqghu wkh vhtxhqwldo
dxglw uhjlph1
:14 Vlpxowdqhrxv dxglwlqj
Uhfdoo wkh frqglwlrq wkdw jkrvw ehkdylrxu grhv sd| xqghu vhtxhqwldo dxglwlqj/ zklfk lv jlyhq e|






Frqvlghu wkh iroorzlqj vwudwhj| ri d wd{sd|hu=
41 Li erwk lqfrph frpsrqhqwv duh hduqhg kh pl{hv ehwzhhq frqfhdolqj erwk vrxufhv/ frqfhdo0
lqj rqo| wkh ￿uvw vrxufh/ dqg frqfhdolqj rqo| wkh vhfrqg vrxufh1
51 Li rqo| rqh lqfrph frpsrqhqw lv hduqhg kh frqfhdov lw zlwk fhuwdlqw|1
61 Li qr lqfrph lv hduqhg kh wuxwkixoo| ghfoduhv }hur iru erwk vrxufhv1
Ghqrwh wkh pl{lqj suredelolwlhv iru wkh fdvh wkdw erwk vrxufhv duh hduqhg e| ￿+3>3, iru
hydglqj erwk vrxufhv/ e| ￿+3>|, iru hydglqj rqo| wkh ￿uvw vrxufh/ dqg e| ￿+|>3, iru hydglqj rqo|
wkh vhfrqg vrxufh1
Wklv lv wkh rqo| vwudwhj| zlwk udqgrplvdwlrq wkdw jxdudqwhhv sur￿wv iurp hydvlrq1 D pl{hg
vwudwhj| wkdw lqfoxghv uhsruwlqj wuxwkixoo|/ li vrph lqfrph lv hduqhg/ qhfhvvdulo| ohdgv wr wkh
vdph h{shfwhg sur￿w dv ehlqj krqhvw zlwk fhuwdlqw|1 Rwkhuzlvh li hydvlrq jlyhv d kljkhu sd|r￿
4;wkdq ehlqj krqhvw/ wkhq wkhuh lv qr uhdvrq zk| wkh wd{sd|hu vkrxog fkrrvh wr ghfoduh wuxwkixoo|
zlwk d srvlwlyh suredelolw|1
D wd{ pdq dqwlflsdwlqj wkh wd{sd|hu*v pl{lqj zloo kdyh wkh iroorzlqj eholhiv zkhuh wkh
dujxphqwv iru ￿ uhsuhvhqw wkh revhuyhg ghfodudwlrq ehkdylrxu=
￿+3>3, @
￿2 ￿ ￿ ￿ ￿+3>3, . +4 ￿ ￿, ￿ ￿ ￿ ￿
￿2 ￿ ￿ ￿ ￿+3>3, . 5 ￿ +4 ￿ ￿, ￿ ￿ ￿ ￿ . +4 ￿ ￿,2
￿+3>|, @
￿ ￿ ￿ ￿ ￿+3>|,
+4 ￿ ￿,+4 ￿ ￿, . ￿ ￿ ￿ ￿ ￿+3>|,,
￿+|>3, @
￿ ￿ ￿ ￿ ￿+|>3,
+4 ￿ ￿,+4 ￿ ￿, . ￿ ￿ ￿ ￿ ￿+|>3,,
=
Li wkh ghfodudwlrq iru erwk vrxufhv lv }hur wkhq ￿+3>3, lv wkh eholhi wkdw rqh sduwlfxodu lqfrph
vrxufhv lv hydghg1 Wklv eholhi lv lghqwlfdo iru erwk lqfrph vrxufhv1 Li rqh lqfrph vrxufh lv
ghfoduhg wkh eholhi wkdw d }hur ghfodudwlrq iru wkh rwkhu vrxufh frphv iurp wd{ iudxg lv jlyhq e|
￿+3>|, dqg ￿+|>3, zkhuh wkh vrxufh zlwk d }hur ghfodudwlrq lv wkh rqh lq txhvwlrq1
Ghqrwh wkh h{shfwhg sd|r￿ iurp d sxuh vwudwhj| dv X￿￿+g￿>g￿,/ zkhuh wkh vxevfulswv ghqrwh
wkh dfwxdo lqfrphv iurp vrxufh l dqg m1 Wkh ghfodudwlrq ehkdylrxu lv jlyhq e| wkh dujxphqwv1
Wr eh zloolqj wr pl{ ehwzhhq hydglqj erwk vrxufhv ru mxvw fkhdwlqj iru rqh vrxufh wkh wd{sd|hu
kdv wr eh lqgl￿huhqw ehwzhhq wkh h{shfwhg sd|0r￿v wkhvh sxuh vwudwhjlhv |lhog1 Dgglwlrqdoo|/
wkh sd|r￿ iurp wkhvh hydvlrq vwudwhjlhv vkrxog qrw eh vpdoohu wkdq wkh sd|r￿ iurp uhsruwlqj
wuxwkixoo|1 Lq htxloleulxp wkh iroorzlqj kdv wr krog=
X+++3>3, @ X+++|>3, @ X+++3>|, ￿ X+++|>|, +56,
Li rqo| rqh vrxufh lv hduqhg lq htxloleulxp wkh wd{sd|hu suhihuv wr hydgh lw zlwk fhuwdlqw| li=
X+f+3>3, ￿ X+f+|>3, dqg Xf++3>3, ￿ Xf++|>3,= +57,
Frpelqlqj +56, dqg +57, ohdgv wr wkh qhfhvvdu| frqglwlrq wkdw d furrn xvhv wkh ghvfulehg pl{hg
vwudwhj| lq htxloleulxp1 Wkh frqglwlrq lv jlyhq lq wkh iroorzlqj sursrvlwlrq1 Khuh s+￿+3>3,,
ghqrwhv wkh ghwhfwlrq suredelolw| dulvlqj iurp wkh orzhvw srvvleoh eholhi wkdw d vrxufh lv hydghg
li dq doo0}hur ghfodudwlrq lv revhuyhg/ zkloh s+￿+|>3,, lv wkh suredelolw| fdxvhg e| wkh kljkhvw
srvvleoh eholhi wkdw rqh vrxufh lv hydghg li wkh rwkhu lv ghfoduhg1
Sursrvlwlrq 9 Iru s+￿+3>3,, ￿ s+￿+|>3,, ? +W ￿hW@￿,@I ? 5s+hW>dW
f,￿s+hW>3, xqghu vlpxo0
wdqhrxv dxglwlqj wkhuh h{lvwv d pl{hg vwudwhj| htxloleulxp zkhuh wkh wd{sd|huv* h{shfwhg sd|r￿ lv
kljkhu wkdq wkdw iurp uhsruwlqj wuxwkixoo|1
Surri1 Vhh wkh dsshqgl{1
Wkh frqglwlrq deryh qhhgv vrph h{sodlqlqj1 Wkh ghwhfwlrq suredelolwlhv iru hydghg vrxufhv
jlyhq d fhuwdlq ghfodudwlrq sdwwhuq ghshqg rq wkh pl{lqj suredelolwlhv1 D furrn fkrrvhv wkh
pl{lqj suredelolwlhv lq rughu wkdw wkh frqglwlrqv +56, dqg +57, duh vdwlv￿hg1 Zkhwkhu wklv lv
srvvleoh ghshqgv rq wkh sdudphwhuv1 Iru dq htxloleulxp lq pl{hg vwudwhjlhv zkhuh wkh wd{0
sd|hu jhwv d sur￿w iurp hydvlrq wkh sdudphwhuv kdyh wr eh idyrxudeoh hqrxjk wkdw hydvlrq sd|v
s+￿+3>3,, ￿ s+￿+|>3,, ? +W ￿ hW@￿,@I,1 Exw wkh hqylurqphqw vkrxog qrw eh wrr idyrxudeoh/
ehfdxvh wkhq 0 iru +W ￿hW@￿,@I A 5s+hW>dW
f,￿s+hW>3, 0 wr ehkdyh dv d jkrvw zlwk fhuwdlqw| eh0
frphv sur￿wdeoh1 Wkh hqylurqphqw lv idyrxudeoh iru hydvlrq li wkh wd{hv oldelolwlhv W duh kljk/ li
4<frqfhdophqw lv fkhds +kljk ￿,/ dqg li wkh ￿qhv I duh orz1 Dgglwlrqdoo|/ d orz hduqlqjv suredelolw|
￿ dqg d orz sursruwlrq ri furrnv lq wkh srsxodwlrq ￿ lv ehqh￿fldo iru hydvlrq1
Wkh txhvwlrq dulvhv zkdw d wd{sd|hu zloo gr li qhlwkhu jkrvw ehkdylrxu qru pl{lqj ohdg wr
srvlwlyh sur￿wv iurp hydvlrq1 Lq wklv fdvh +l1h1 pd{^s+￿+|>3,,>s+￿+3>3,,` A +W ￿ hW@￿,@I, lw
lv srvvleoh wr lqfoxgh wkh vwudwhj| wr uhsruw wuxwkixoo| lq wkh pl{lqj dv zhoo1 Wklv zloo ixuwkhu
gulyh grzq wkh ghwhfwlrq h￿ruw ri wkh dxwkrulw| e| uhgxflqj wkh eholhiv wkdw lqfrph lv hydghg1
Exw/ wklv zloo ohdyh wkh wd{sd|hu zlwk qr h{shfwhg jdlq iurp wd{ hydvlrq1 Wr vhh wklv uhfdoo wkh
lqgl￿huhqfh frqglwlrq +56, iru wzr hduqhg lqfrph vrxufhv1 Wkhq X+++3>3, @ X+++|>3, @ X+++3>|,
lpsolhv




Wkh lqgl￿huhqfh frqglwlrq iru wkh fdvh zkhuh rqh vrxufh lv hduqhg lv jlyhq e| X+f+3>3, @




E| frpelqlqj htxdwlrqv wkh frqglwlrq ehfrphv
s+￿+3>3,, ￿ I @ s+￿+|>3,, ￿ I @ W ￿ hW@￿=
Wklv lpsolhv wkdw wkh h{shfwhg sd|r￿ iru wkh wd{sd|hu lv htxlydohqw wr wkh krqhvw| sd|r￿ uhjdug0
ohvv krz pdq| lqfrph frpsrqhqwv duh hduqhg1 Wkh h{shfwhg ￿qh lv dozd|v htxdo wr wkh wd{hv
vdyhg qhw ri frqfhdophqw frvwv14; Vr zh pd| rewdlq d k|eulg htxloleulxp zkhuh d wd{sd|hu
zkr hduqhg dw ohdvw rqh vrxufh hydghv zlwk srvlwlyh suredelolw| dowkrxjk kh grhv qrw h{shfw
dq| sur￿w iurp hydglqj1 Zk| lv uhsruwlqj wuxwkixoo| qrw dq htxloleulxpB Uhsruwlqj wuxwkixoo|
zlwk fhuwdlqw| zrxog ohdg wr dq dxwkrulw| uxeehu0vwdpslqj wkh wd{ ghfodudwlrq1 Exw xqghu wkh
eholhi wkdw wkh dxwkrulw| zloo uxeehu0vwdps wkh ghfodudwlrq/ wkh wd{sd|hu suhihuv wr hydgh1 Wkh
ohvv ehqh￿fldo wkh hqylurqphqw lv iru hydvlrq wkh orzhu wkh suredelolw| ehfrphv wkdw hydvlrq
wdnhv sodfh1 Qrwh wkdw rxu dvvxpswlrq wkdw wkh dxwkrulw| fdqqrw frpplw wr dq dxglw vwudwhj|
lv fuxfldo iru wklv uhvxow14<
:15 Pl{lqj zlwk vhtxhqwldo dxglwlqj
Zh qrz wxuq wr wkh vhtxhqwldo dxglwlqj uhjlph1 Zh rqfh djdlq ghulyh wkh frqglwlrqv wkdw kdyh
wr eh phw iru sur￿wdeoh wd{ hydvlrq wr wdnh sodfh1 Wklv lv wkh fdvh li pl{lqj ohdgv wr d kljkhu
h{shfwhg qhw sd|r￿ wkdq ehlqj krqhvw1 Wkh ghulydwlrq ri wkh frqglwlrqv iru wklv pl{hg vwudwhj|
htxloleulxp lv dqdorjrxv wr wkh fdvh zlwk vlpxowdqhrxv dxglwlqj1 Zh mxvw kdyh wr uhphpehu
wkdw zh pd| kdyh gl￿huhqw eholhiv iru d wd{ dxwkrulw| revhuylqj dq doo0}hur ghfodudwlrq ehiruh
dqg diwhu dxglwlqj wkh ￿uvw vrxufh1 Wkh eholhi ehiruh dxglwlqj wkh ￿uvw vrxufh ri dq doo0}hur
ghfodudwlrq 0 ghqrwhg e| ￿f+3>3, 0 zloo eh wkh vdph dv lq wkh vlpxowdqhrxv fdvh1 Wkh eholhi diwhu
wkh ￿uvw dxglw zloo ghshqg rq wkh rxwfrph ri wkh ￿uvw dxglw1 Ghqrwh wklv eholhi dv ￿Åc++3>3, li
wkhuh zdv hydvlrq dqg dv ￿Åcf+3>3, li wkhuh zdv qr hydvlrq1 Wkh ￿uvw vxevulsw jlyhv wkh qxpehu
4;Wr vdwlvi| wkh lqgl￿huhqfh frqglwlrq lw pd| eh qhfhvvdu| wkdw wkh wd{sd|hu lv wrwdoo| krqhvw zlwk srvlwlyh
suredelolw| li erwk lqfrph vrxufhv duh hduqhg1
4<Prvw dxwkruv vhhp wr uhjdug wklv dv dq xquhdolvwlf ihdwxuh ri prudo kd}dug prghov zlwkrxw frpplwphqw/ exw
lqwurvshfwlrq +p| iduh0hydvlrq ehkdylrxu rq frppxwhu wudlqv, vxjjhvwv wkdw pl{lqj dfwxdoo| vhhpv wr kdsshq1
53ri dxglwv frqgxfwhg/ zkloh wkh vhfrqg jlyhv wkh rxwfrph ri wkh dxglw li wkhuh zdv rqh1 Lq wkh
￿uvw fdvh wkh shufhlyhg suredelolw| wkdw wkh vhfrqg vrxufh lv hduqhg dqg hydghg lqfuhdvhv/ vlqfh
lw lv qrz nqrzq wkdw wkh wd{sd|hu lv d furrn/ zkloh lq wkh vhfrqg fdvh wklv suredelolw| ghfuhdvhv/
ehfdxvh lw lv ehfrplqj pruh olnho| wkdw wkh wd{sd|hu pljkw eh dq krqhvw flwl}hq1 Wkh eholhiv
lq wkh fdvh wkdw rqh lqfrph vrxufh lv ghfoduhg duh wkh vdph dv lq wkh vlpxowdqhrxv dxglwlqj
vfhqdulr1 Vlqfh lw zloo wxuq rxw wkdw ￿+3>|, @ ￿+|>3, kdv wr eh wuxh/ zh rqo| jlyh rqh ri wkhvh
eholhiv1 Wkh uhohydqw eholhiv duh jlyhq e|=
￿f+3>3, @
￿2 ￿ ￿ ￿ ￿+3>3, . +4 ￿ ￿, ￿ ￿ ￿ ￿
￿2 ￿ ￿ ￿ ￿+3>3, . 5 ￿ +4 ￿ ￿, ￿ ￿ ￿ ￿ . +4 ￿ ￿,2
￿Åc++3>3, @
￿ ￿ ￿+3>3,
￿ ￿ ￿+3>3, . 4 ￿ ￿
￿Åcf+3>3, @
￿ ￿ ￿
￿ ￿ ￿ . 4 ￿ ￿
￿+3>|, @
￿ ￿ ￿ ￿ ￿+3>|,
+4 ￿ ￿,+4 ￿ ￿, . ￿ ￿ ￿ ￿ ￿+3>|,,
=




b, ￿ s+hW>3, .s+hW>dW
f,= +59,
Xvlqj wkh vdph orjlf dv lq wkh vlpxowdqhrxv dxglwlqj vfhqdulr zh fdq ghulyh dq dqdorjrxv frqgl0
wlrq1 Orzhu dqg xsshu eduv rqfh djdlq ghqrwh orzhu dqg xsshu erxqgv iru wkh eholhiv ghshqglqj











@5 ￿ s+￿+|>3,, ?
? +W ￿ hW@￿,@I ? s+hW>dW
b, ￿ s+hW>3, .s+hW>dW
f, +5:,
xqghu vhtxhqwldo dxglwlqj wkhuh h{lvwv d pl{hg vwudwhj| htxloleulxp zkhuh wkh wd{sd|hu*v h{shfwhg
sd|r￿ lv kljkhu wkdq wkdw iurp uhsruwlqj wuxwkixoo|1
Surri1 Vhh dsshqgl{1
Qrwh wkdw iru sdudphwhu frq￿jxudwlrqv zkhuh qhlwkhu jkrvw ehkdylrxu qru udqgrplvlqj ryhu
wkh hydvlrq ri gl￿huhqw vrxufhv lv sur￿wdeoh d furrn zloo eh krqhvw zlwk srvlwlyh suredelolw|
dqg kdyh dq h{shfwhg sd|r￿ htxdo wr wkh krqhvw| sd|r￿1 Wkh dujxphqw lv wkh vdph dv lq wkh
vlpxowdqhrxv fdvh1
Frpsdulqj wkh frqglwlrqv xqghu wkh gl￿huhqw dxglwlqj uhjlphv vkrzv wkdw wkh uhtxluhphqwv





￿ s+￿+|>3,,,153 Wklv phdqv wkdw iru vrph sdudphwhu vhwwlqjv zkhuh d furrn
vwloo pdnhv sur￿wv iurp hydvlrq xqghu vlpxowdqhrxv dxglw kh zloo qrw pdnh dq| hydvlrq sur￿wv li
wkh dxwkrulw| dxglwv vhtxhqwldoo|1 Vhtxhqwldo dxglwlqj wkhuhiruh kdv wkh hgjh ryhu vlpxowdqhrxv
dxglwlqj rqfh djdlq1















54; Vhoi0vhohfwlrq ri prrqoljkwhuv
Lq wklv vhfwlrq zh dujxh wkdw rxu prgho fdq h{sodlq d frpprqo| revhuyhg sdwwhuq ri vhoi0
vhohfwlrq lqwr gl￿huhqw lqfrph vrxufhv1 Wkh sdwwhuq lq txhvwlrq lv prrqoljkwlqj1 Zh wklqn ri
shrsoh wkdw duh zrunlqj lq uhjxodu hpsor|phqw gxulqj wkh gd| zkloh ehlqj dfwlyh lq wkh eodfn
pdunhw hfrqrp| gxulqj hyhqlqjv dqg zhhnhqgv1 Fudiwvphq duh d surplqhqw h{dpsoh1 Zk| gr
wkhvh shrsoh qrw hqwluho| hqjdjh lq wkh eodfn hfrqrp|/ ru dv dq dowhuqdwlyh mxvw zrun orqj krxuv
lq wkh r!fldo vhfwruB Vwdqgdug h{sodqdwlrqv dujxh wkdw vpdoo pdunhwv lq wkh prrqoljkwlqj vhfwru
gulyh wkh zdjhv iru zrunhuv ru sulfhv iru ￿upv grzq li wkh dfwlylw| lv lqfuhdvhg1 Lw lv dujxhg
wkdw iru wklv uhdvrq hqwluho| jrlqj xqghujurxqg grhv qrw sd|1 Vhh Frzhoo dqg Jrugrq +4<<8, iru
wkh vhoi0vhohfwlrq ri ￿upv/ Frzhoo dqg Jrugrq +4<<3, iru zrunhuv/ ru Jrugrq +4<;;, iru d prgho
ri eodfn pdunhw wudqvdfwlrqv1 Zh dujxh wkdw wkhuh pljkw eh dq dgglwlrqdo lqfhqwlyh iru shrsoh
vsolwwlqj wkhlu dfwlylw| ehwzhhq wkh eodfn pdunhw dqg wkh r!fldo vhfwru= d wd{ dxwkrulw| wkdw lv
dxglwlqj vhtxhqwldoo| fuhdwhv wkhvh lqfhqwlyhv1 Li d wd{sd|hu uholhv wrr khdylo| rq eodfn pdunhw
dfwlylw| wkhq d vhtxhqwldoo| dxglwlqj wd{ dxwkrulw| ohduqv wrr hdvlo| wkdw wkh wd{sd|hu lv d furrn/
zklfk zloo ohdg wr d ixoo0vfdoh dxglw1 Vr lw pljkw eh d sur￿wdeoh vwudwhj| wr zrun lq wkh r!fldo
vhfwru gxulqj gd|wlph 0 dowkrxjk hydvlrq lv qrw sur￿wdeoh wkhuh 0 mxvw wr hqjdjh lq eodfn0pdunhw
dfwlylw| lq wkh hyhqlqjv zkhuh kljk hydvlrq sur￿wv zlwk d orz ghwhfwlrq ulvn duh srvvleoh1
Vxssrvh wkdw wkh wd{sd|hu kdv wkh srvvlelolw| ri uhfhlylqj lqfrph iurp wzr lqfrph vrxufhv1
Wkhuh duh wzr gl￿huhqw pdunhwv/ wkh eodfn pdunhw dqg wkh r!fldo vhfwru1 Wkh wd{sd|hu fdq
fkrrvh krz pdq| +ri klv wzr, vrxufhv wr doorfdwh wr wkh gl￿huhqw vhfwruv1 Wkh eodfn pdunhw
vhfwru kdv wkh dgydqwdjh wkdw wkhuh wd{ hydvlrq lv sur￿wdeoh1 Vxssrvh wkdw klv sur￿w iurp
prrqoljkwlqj lv juhdwhu wkdq iurp krqhvwo| zrunlqj lq wkh r!fldo vhfwru hyhq li wkh wd{sd|hu
doorfdwhv erwk vrxufhv wr wkh xqghujurxqg hfrqrp|154 Lq wkh r!fldo vhfwru wd{ hydvlrq qhyhu
sd|v/ vlqfh wkh dfwlylw| lv wrr hdv| wr revhuyh e| wkh dxwkrulw| +l1h1 wkh revhuydelolw| sdudphwhuv
￿> $ duh surklelwlyh,1 Wkh dgydqwdjh lq wkh r!fldo vhfwru lv wkdw wkh jurvv lqfrph iurp wkh
vrxufhv lv kljkhu1 Wklv uh hfwv wkh glvfrxqw d fxvwrphu ghpdqgv iru wkh frqwudfw hqirufhphqw
sureohpv li d prrqoljkwhu lv hpsor|hg1 Xqolnh rwkhu prghov zh gr qrw kdyh wr dvvxph wkdw wkh
jurvv lqfrph lq wkh prrqoljkwlqj vhfwru ghfuhdvhv zlwk wkh dfwlylw|1 Wklv dvvxpswlrq pdgh lq
rwkhu prghov vhhpv wr eh uhdvrqdeoh lq wkh djjuhjdwh/ exw vxuho| qrw rq wkh lqglylgxdo ohyho1 D
sdlqwhu ￿sulydwho|￿ ghfrudwlqj wzr  dwv rq d zhhnhqg grhv qrw hduq ohvv prqh| shu  dw wkdq d
sdlqwhu zkr mxvw ghfrudwhv rqh1
Zh zloo vkrz wkdw wkhuh duh sdudphwhu frq￿jxudwlrqv wkdw pdnh lw rswlpdo iru wkh wd{sd|hu
wr glylgh klv h￿ruwv ehwzhhq wkh wzr vhfwruv hyhq lq wkh fdvh zkhuh jkrvw ehkdylrxu sd|v iru
vrphrqh zkr ghflghg wr ghyrwh klv hqwluh h￿ruw wr wkh xqghujurxqg hfrqrp|1 Lq rughu wr lqgxfh
vxfk d vhoi0vhohfwlrq fkrlfh wkh h{ dqwh h{shfwhg sd|r￿ iurp glylglqj wkh h￿ruwv +HX6, kdv wr
eh kljkhu wkdq wkdw iurp ehlqj d jkrvw lq wkh eodfn hfrqrp| +HXK, dqg kdv dovr wr eh kljkhu
wkdq wkh sd|r￿ iurp zrunlqj hqwluho| lq wkh r!fldo vhfwru +HXJ,1 Wkh sd|0r￿v duh jlyhq e|
HXJ @ 5￿+\f ￿ W,>
HX6 @ ￿+\J ￿ W, . ￿+\K ￿s+hW>dW
f, ￿ I ￿ hW@￿,>
54Wklv vhwwlqj lv wkh ohdvw idyrxudeoh iru dq| dfwlylw| lq wkh r!fldo vhfwru> dqg wkhuhiruh jlyhv wkh vwurqjhvw
uhvxow1
55dqg
HXK @ ￿2+5\K ￿ +s+hW>dW
f, . s+hW>dW
b,, ￿ I ￿5hW@￿,
. 5￿+4 ￿￿,+\K ￿+s+hW>dW
f, . s+hW>dW
Å,, ￿ I@5 ￿ hW@￿,>
zkhuh \J dqg \K duh wkh jurvv lqfrphv lq wkh r!fldo vhfwru dqg lq wkh eodfn pdunhw/ uhvshfwlyho|1
Wkh sd|r￿ li wkh fudiwvpdq rqo| zrunv lq wkh r!fldo vhfwru HXJ lv wzlfh wkh qhw lqfrph pxowlsolhg
e| wkh hduqlqjv suredelolw|1 Wkh h{shfwhg lqfrph iurp glylglqj h￿ruwv HX6 lv wkh vxp ri wkh
h{shfwhg lqfrphv lq wkh wzr vhfwruv1 Wkh sd|r￿ iru jkrvwv lq wkh eodfn pdunhw lv jlyhq e|
HXK1 Wkh ￿uvw sduw uhsuhvhqwv wkh fdvh wkdw erwk lqfrph frpsrqhqwv duh hduqhg +zhljkwhg
zlwk suredelolw| ￿2 wkdw wklv kdsshqv,1 Xqghu vhtxhqwldo dxglwlqj rqh vrxufh zloo eh dxglwhg
zlwk wkh h￿ruw dW
f fruuhvsrqglqj wr wkh sulru zkloh wkh rwkhu vrxufh lv dxglwhg zlwk h￿ruw dW
b1
Wkh vhfrqg sduw ri HXK fruuhvsrqgv wr wkh wzr srvvleoh fdvhv wkdw mxvw rqh vrxufh lv hduqhg
+zlwk suredelolw| ￿+4￿￿, hdfk,1 Ghshqglqj rq zkhwkhu wkh dxwkrulw| dxglwv wkh hduqhg vrxufh
dv wkh ￿uvw ru vhfrqg wkh vrxufh/ wkh h￿ruw zloo eh dW
f ru dW
Å1 Uhjdugohvv ri krz wkh dxwkrulw|




Wkh frqglwlrq HX6 A HXJ 0 sduwlflsdwlqj lq erwk pdunhwv lv ehwwhu wkdq mxvw zrunlqj lq









Iru sduwlflsdwlqj lq erwk pdunhwv wr eh ehwwhu wkdq wr frqfhqwudwh hqwluho| rq wkh xqghujurxqg
HX6 A HXK kdv wr krog1 Wklv uhgxfhv wr
￿ ￿ s+hW>dW








Reylrxvo|/ erwk lqhtxdolwlhv iru wkhpvhoyhv gr qrw frq lfw qhfhvvdulo| zlwk wkh jkrvw frqglwlrq
iru vhtxhqwldo dxglwlqj +53,1 Wkh srvvlelolw| wr vdwlvi| wkhp vlpxowdqhrxvo| uhtxluhv
s+hW>dW
f, ? ￿ ￿ s+hW>dW
b, . +4 ￿ ￿, ￿ s+hW>dW
Å, +5;,
Lw lv srvvleoh wkdw wklv frqglwlrq lv vdwlv￿hg1 Zh nqrz wkdw s+hW>dW
f, lv odujhu wkdq s+hW>dW
Å, dqg
vpdoohu wkdq s+hW>dW
b,1 Zkhwkhu wkh lqhtxdolw| lv vdwlv￿hg ghshqgv rq wkh vkdsh ri wkh ghwhfwlrq
suredelolw| ixqfwlrq dqg rq wkh sdudphwhuv ￿ dqg ￿1 D kljk hduqlqjv suredelolw| ￿ dqg d vpdoo
sursruwlrq ri furrnv lq wkh srsxodwlrq ￿ pdnhv lw pruh olnho| wkdw zrunlqj lq erwk zruogv sd|v1
Wr sxw lw gl￿huhqwo|/ dv orqj dv wkhuh duh hqrxjk krqhvw fudiwvphq dqg wkh hduqlqj rssruwxqlwlhv
duh uhodwlyho| vhfxuh/ wkhq d uxwkohvv fudiwvpdq pd| fkrrvh wr zrun lq erwk wkh r!fldo vhfwru
dqg wkh eodfn pdunhw155
< Frqfoxvlrq
Wkh wd{ ghfodudwlrq vlwxdwlrq dqg wkh iroorzlqj h{dplqdwlrq ri wkh wd{ irup e| wkh dxwkrulwlhv
fuhdwh d kljko| frpsoh{ vwudwhjlf hqylurqphqw1 Lq wklv sdshu wklv lv prghoohg dv d frqwhvw
55Wklv uhvxow jhqhudol}hv iru pruh lqfrph vrxufhv1 Lw lv srvvleoh +ghshqglqj rq wkh sdudphwhuv, wkdw wkh
dgglwlrqdo h{shfwhg jurvv lqfrph iurp d vrxufh lq wkh eodfn pdunhw ghfuhdvhv1 Wkhq wkh zhgjh ehwzhhq jurvv
hduqlqjv lq wkh vhfwruv pdnhv lw srvvleoh wkdw zrunlqj lq erwk vhfwruv pd| ehfrph rswlpdo1
56ehwzhhq wd{sd|hu dqg dxwkrulw| zkhuh erwk lqyhvw lq frqfhdophqw dqg ghwhfwlrq/ uhvshfwlyho|1
Zh vwuhvvhg wkh idfw wkdw lqfrph frphv iurp gl￿huhqw lqfrph vrxufhv1 Vlqfh dxglwlqj rqh vrxufh
pd| uhyhdo ydoxdeoh lqirupdwlrq derxw wkh wd{sd|hu dqg klv olnho| wd{ ghfodudwlrq ehkdylrxu iru
rwkhu vrxufhv/ zh doorzhg iru vhtxhqwldo dxglwlqj1 D frpsdulvrq ri wkh rxwfrphv ri wkh frqwhvw
xqghu wklv vhtxhqwldo dxglw uxoh zlwk wkh rxwfrph wkdw rffxuv li wkh wd{ dxwkrulw| dxglwv doo
vrxufhv dw wkh vdph wlph zdv frqgxfwhg1 Wklv khosv wr h{sodlq wkh udwlrqdoh iru d zlgho|
revhuyhg dxglw sdwwhuq= Wd{ lqvshfwruv vhtxhqwldoo| frqgxfw urxwlqh fkhfnv zlwk d frqvhfxwlyh
ixoo0vfdoh dxglw li vxvslflrq ri hydvlrq dulvhv iurp wkhvh fkhfnv1 Ixuwkhupruh zh vkhg vrph oljkw
rq wkh uhdvrqv zk| shrsoh prrqoljkw lq wkh eodfn pdunhw vhfwru dqg dw wkh vdph wlph iroorz d
qrupdo mre lq wkh r!fldo vhfwru1
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D Vrph surriv ri ohppdwd dqg sursrvlwlrqv lq wkh pdlq wh{w
D14 Surri ri ohppd 6
Surri1 Iru wkh Q lqfrph vrxufhv wkhuh duh Q$ srvvleoh dxglw sdwkv1 Wkh wd{sd|hu kdv eholhiv
derxw wkh suredelolwlhv wkdw wkh gl￿huhqw sdwkv duh iroorzhg e| wkh wd{ lqvshfwru1 Wkhvh eholhiv
kdyh wr eh frqvlvwhqw zlwk wkh htxloleulxp vwudwhj| ri wkh wd{ dxwkrulw|1 Ohw wkh eholhi wkdw
d sduwlfxodu sdwk lv iroorzhg eh ￿￿ zlwk
S
￿￿ @ 41 Wkhq wkh h{shfwhg dyhudjh yhul￿fdwlrq









zkhuh s&c￿ lv wkh +htxloleulxp, yhul￿fdwlrq suredelolw| iru lqfrph vrxufh n jlyhq wkdw wkh dxglw
sdwk m lv iroorzhg1 Vlqfh wkh eholhi ri wkh wd{ dxwkrulw| ri idflqj d frqfhdohg lqfrph vrxufh li d
suhylrxv dxglw zdv vxffhvvixo lv ￿/ zh nqrz wkdw iru q ￿ 4 lqfrph frpsrqhqwv wkh yhul￿fdwlrq
suredelolw| kdv wr eh sb @ s+hW>dW
b,1 Wkh suredelolw| ri wkh uhpdlqlqj vrxufh ghshqgv rq wkh
dxglw sdwk1 Pruh suhflvho|/ wklv suredelolw| ghshqgv rq wkh eholhi ￿o wkh wd{ lqvshfwru zloo kdyh
zkhq kh dxglwv wkh ￿uvw frqfhdohg lqfrph vrxufh1 Wklv eholhi zloo eh
￿o @
￿
+4 ￿￿,+4 ￿ ￿,￿3o . ￿
>
zkhuh u jlyhv wkh qxpehu ri dxglwv ehiruh wkh ￿uvw frqfhdohg lqfrph frpsrqhqw lv irxqg1 Qrwh
wkdw u ghshqgv rq wkh dxglw sdwk dqg wkh qxpehu ri hduqhg lqfrph vrxufhv1 Uhzulwlqj H^￿ s` dqg










+q ￿ 4,sb . soE￿c?￿
￿
@q lqfuhdvhv zlwk q iru doo sdwkv m/ wkhq H^￿ s` reylrxvo| dovr lqfuhdvhv zlwk
q1
Dq dgglwlrqdo lqfrph vrxufh wkdw lv hduqhg fdq eh dxglwhg ehiruh ru diwhu wkh fulwlfdo lqfrph
vrxufh u1 Li dxglwhg ehiruh wkh qhz u zloo eh vpdoohu1 Rwkhuzlvh u uhpdlqv xqfkdqjhg li q
lqfuhdvhv1 Lw iroorzv
u+m>q, ￿ u+m>q . 4, ;m>q ? Q=
Iurp wkh revhuydwlrqv wkdw ￿o ghfuhdvhv zlwk u dqg wkdw s+￿, zhdno| lqfuhdvhv zlwk ￿ gxh wr d
kljkhu rswlpdo ghwhfwlrq h￿ruw +ohppd 4,/ lw iroorzv
soE￿c?nÅ￿ ￿ soE￿c?￿ ;m>q ? Q=











Vlqfh ￿ A ￿o dqg s+{, ￿ s+{￿, li { A {￿ lw iroorzv wkdw iru wkh ydolg q +3 ? q ? Q, wkh ukv lv




Wklv frqfoxghv wkh surri1
D15 Surri iru fruuhfw xsgdwlqj +xvhg wr suryh sursrvlwlrqv 7 dqg 8,

















Lw lv vx!flhqw wr vkrz wkdw ￿H^￿￿`@￿l @ 3 iru doo l/ vlqfh H+￿f, @ ￿f1 Wkh fkdqjh ri wkh
h{shfwhg eholhiv iru dq lqfuhdvlqj l lv jlyhq e|
￿H^￿￿`
￿l

























Xvlqj wkh ydoxhv iru ￿￿cf dqg ￿￿nÅcf iurp +4:, vkrzv wkdw wkh h{suhvvlrq lq wkh eudfnhwv lv htxdo
wr }hur1 Wklv frqfoxghv wkh surri1
D16 Surri ri sursrvlwlrq 8
Surri1 Ohw u eh wkh qxpehu ri vrxufhv douhdg| dxglwhg1 Ohw m 5 i4>===>Q ￿4￿uj eh wkh qxpehu
ri vrxufhv qh{w wr eh dxglwhg vlpxowdqhrxvo|1 Wkhq wkh h{shfwhg frqwlqxdwlrq sd|r￿ zloo eh
FUoc￿ @ m ￿ HU+￿o, . FUon￿/
zkhuh HU+￿o, lv wkh h{shfwhg sd|r￿ iurp rqh ri wkh lqfrph frpsrqhqwv wkdw duh dxglwhg
wrjhwkhu zkloh FUon￿ jlyhv wkh h{shfwhg frqwlqxdwlrq sd|r￿ iru doo wkh uhpdlqlqj vrxufhv1 Wkh
wrwdo frqwlqxdwlrq sd|r￿ iurp dxglwlqj wkh qh{w m vrxufhv vhtxhqwldoo| lv ghqrwhg e| FUocÅdqg





5:Zh kdyh wr vkrz wkdw
FUocÅ A FUoc￿ li ￿o ? ￿
FUocÅ ￿ FUoc￿ li ￿o @ ￿
;u 5 i3>===>Q ￿ 5j/ m A 4>










HU+￿￿, ￿+m ￿ 4,HU+￿o,=
Qrwh wkdw wkh FUon￿ ghshqgv rq wkh dxglw klvwru|/ exw qrw rq wkh dxglw vwudwhj|1 Vr FUon￿ lv
wkh vdph iru erwk dxglw vwudwhjlhv1 Zh douhdg| vhh wkdw iru ￿o @ ￿ wkh gl￿huhqfh FUocÅ ￿FUoc￿
lv }hur/ vlqfh ￿o @ ￿ lpsolhv ￿￿ @ ￿ iru doo l ￿ u1 Rq wkh rwkhu kdqg wkh gl￿huhqfh lv qhfhvvdulo|
srvlwlyh li
HU+￿￿, A HU+￿o, ;l 5 iu . 4>===>u . mj=
Zh fdq holplqdwh wkh h{shfwdwlrq rshudwru e| zulwlqj




U+￿, A U+￿o, ;l 5 iu . 4>===>u . mj/
zkhuh ￿￿*o3Å wklv wlph ghqrwhv wkh eholhi wkdw ehiruh wkh dxglw ri vrxufh l qr vrxufh wkdw zdv
surgxfwlyh zloo kdyh ehhq dxglwhg/ jlyhq wkh klvwru| ri dxglwv xs wr u ￿41 Qrwh wkdw iru ￿o @ ￿
wkh eholhiv ￿￿*o3Å duh 31 Iru ￿￿*o3Å A 3 wkh lqhtxdolw| deryh krogv li=
g2
g￿2U+￿, A 3 +F4,




￿ @ ￿o ;l 5 iu . 4>===>u . mj= +F5*,
Zh kdyh douhdg| suryhq frqyh{lw| +F4,/ zkloh frqglwlrq F5*djdlq h{suhvvhv xsgdwlqj zlwkrxw
huuruv1 Wkh revhuydwlrq wkdw F5* lv htxlydohqw wr F5/ zklfk zdv suryhq deryh/ frqfoxghv wkh
surri1
D17 Surri ri sursrvlwlrq 9
Surri1 X+++|>3, @ X+++3>|, lpsolhv wkdw s+￿+3>|,, @ s+￿+|>3,,1 Qrwh wkdw wklv kdv wr eh wkh
fdvh/ vlqfh wkh suredelolw| lv d prqrwrqrxv ixqfwlrq ri wkh dxwkrulw|*v h￿ruw dqg wkh rswlpdo
h￿ruw lv d prqrwrqrxv ixqfwlrq ri wkh eholhi1 D ixuwkhu lpsolfdwlrq lv wkdw ￿+3>|, @ ￿+|>3,
+vkruw ￿+|>3,,1 Lw iroorzv lpphgldwho| wkdw ￿+3>|, @ ￿+|>3,1
X+++3>3, @ X+++|>3, @ X+++3>|, lpsolhv




Iru ￿+3>3, $ 4 lw iroorzv s+￿+3>3,, $ s+hW>dW
f,/ vlqfh ￿+3>3, $ ￿f1 Wkhq qhfhvvdulo| ￿+3>|, $ 3
dqg ￿+|>3, $ 3> zklfk lpsolhv s+￿+|>3,, $ s+hW>3,1 Rxu frqglwlrq frqyhujhv djdlqvw wkh jkrvw
frqglwlrq zlwk htxdolw|1
5;Iru ￿+3>3, $ 3 zh nqrz ￿+3>3, $ ￿￿￿@+5￿￿￿￿ .4￿￿, @ ￿+3>3, ? ￿f dqg ￿+3>|, $ 4@5/
zklfk lpsolhv wkdw ￿+|>3, $ ￿ ￿ ￿@+5 ￿ +4 ￿ ￿,+4 ￿ ￿, .￿ ￿ ￿, @ ￿+|>3,1
Qrwh wkdw ￿+3>3, lqfuhdvhv zlwk ￿+3>3,> zkloh ￿+|>3, ghfuhdvhv zkhq ￿+3>3, lqfuhdvhv1 Vlqfh










zlwk wkh ￿qglqjv iurp deryh zh fdq zulwh=




f, ￿ s+hW>3,= +63,
Fkhfnlqj X+++3>|, A X+++|>|, ohdgv wr s+￿+|>3,, ? +W￿hW@￿,@I156 Wdnlqj wkh xsshu erxqg
s+￿+|>3,, ? +W ￿ hW@￿,@I dqg frpelqlqj lw zlwk +63, ohdgv wr
s+￿+3>3,, ￿ s+￿+|>3,, ? +W ￿ hW@￿,@I ? 5s+hW>dW
f, ￿ s+hW>3,
dv d vx!flhqw frqglwlrq wr eh vdwlv￿hg1 Lw uhpdlqv wr fkhfn wkdw X+f+3>3, A X+f+|>3, krogv1 Lq0
vshfwlrq vkrzv wkdw wklv uhgxfhv wr wkh vdph frqglwlrq dv deryh X+++3>|, ? X+++|>|, +l1h1 s+￿+|>3,, ?
+W ￿hW@￿,@I,1 Vlqfh zh fkhfnhg iru X+f+3>3, A X+f+|>3, dqg X+++3>3, @ X+++3>|, A X+++|>|,/
hydvlrq sd|v lq wklv htxloleulxp1 Wklv frqfoxghv wkh surri1
D18 Surri ri sursrvlwlrq :
Surri1 Wkh surri lv dorqj wkh vdph olqhv dv wkh surri iru wkh vlpxowdqhrxv fdvh1 Wkh lqgl￿huhqfh
dqg grplqdqfh frqglwlrqv duh wkh vdph dv lq wkh vlpxowdqhrxv fdvh dqg duh jlyhq e| +56, dqg
+57,1 Wkh frqglwlrq X+++|>3, @ X+++3>|, djdlq lpsolhv wkdw ￿+|>3, @ ￿+3>|,1
X+++3>3, @ X+++|>3, @ X+++3>|, lpsolhv




Wkh okv frqyhujhv djdlqvw s+hW>dW
b,￿s+hW>3,.s+hW>dW
f, iru ￿+3>3, $ 41 Prqrwrqlflw| ri s lq ￿/
￿f+3>3, dqg ￿Åc++3>3, ehlqj ghfuhdvlqj lq ￿+|>3,> dqg ￿+|>3, ehlqj lqfuhdvlqj lq ￿+|>3, pdnhv
vxuh wkdw




lv d qhfhvvdu| frqglwlrq iru +64, wr eh vdwlv￿deoh1 Vlqfh X+++3>|, A X+++|>|,> zh jhw
s+￿+|>3,, ? +W ￿ hW@￿,@I=




@5 ? +W ￿ hW@￿,@I +66,
56Qrwh/ wkdw zh orrn iru wkh vwulfw lqhtxdolw| khuh wr h{foxgh wkh htxloleuld zkhuh wd{ hydvlrq ohdgv wr wkh vdph
h{shfwhg sd|r￿ dv krqhvw|1
5<Xvlqj wkh uhohydqw olplwv iru wkh wzr lqhtxdolwlhv deryh dqg frpelqlqj wkhp zlwk +65,
dqg +59, ohdgv wr wkh vx!flhqw frqglwlrq vwdwhg lq wkh sursrvlwlrq1 Lw uhpdlqv wr fkhfn wkdw
X+f+3>3, A X+f+|>3, dqg Xf++3>3, A Xf++3>|, grhv qrw ohdg wr d vwulfwhu frqglwlrq1 Li zh ghqrwh
wkh suredelolw| wkdw wkh dxwkrulw| dxglwv vrxufh rqh ￿uvw zlwk # wkhq wkh wzr frqglwlrqv lpso|57
# ￿ s+￿f+3>3,, . +4 ￿ #, ￿ s+￿Åcf+3>3,, ? +W ￿ hW@￿,@I dqg
+4 ￿ #, ￿ s+￿f+3>3,, .# ￿ s+￿Åcf+3>3,, ? +W ￿ hW@￿,@I1
Fhuwdlqo| +66, lv vwulfwhu/ vlqfh s+￿Åc++3>3,, A s+￿Åcf+3>3,,1 Wklv frqfoxghv wkh surri1
57Qrwh wkdw zh fdq fkrrvh ￿ duelwudulo| vlqfh wkh dxwkrulw| lv lqgl￿huhqw derxw zklfk vrxufh wr dxglw ￿uvw1
63E Vxssohphqw= Qxphulfdo h{dpsoh
E14 Sxuh vwudwhj| htxloleulxp
Lq wklv vhfwlrq zh suhvhqw d qxphulfdo h{dpsoh wr jlyh d ehwwhu  dyrxu ri krz wkh devwudfw prgho
dfwxdoo| zrunv1 Vxssrvh wkdw wkh suredelolw| ri ehlqj fdxjkw iru hydvlrq lv jlyhq e|=
s+h>d, @ =6 .
oq+=5 . d, ￿ oq+=5 . h,
7
=
Wklv ixqfwlrq lv ghvljqhg wr jxdudqwhh s wr eh ehwzhhq }hur dqg rqh iru uhohydqw ydoxhv ri d dqg
h158 Ohw wkh srwhqwldo lqfrph shu vrxufh eh | @ 431 Wkh vrxufhv duh surgxfwlyh zlwk suredelolw|
￿ @ =61 Ohw wkh olqhdu wd{ udwh eh =8 +l1h1 d oldelolw| shu vrxufh ri W @ 8,1 Wkh ￿qh lv I @ :1
Wkh h￿hfwlyhqhvv ri wkh fryhulqj whfkqrorj| lv ￿{hg dw ￿ @ =661 Dvvxph wkdw wkh sursruwlrq ri
furrnv lq wkh srsxodwlrq lv nqrzq wr eh ￿ @ =61 Zh ￿{ wkh qxpehu ri srwhqwldo lqfrph vrxufhv dw
Q @ 61 Wdeoh 4 vkrzv wkh h{shfwhg sd|0r￿v iru jkrvwv dqg wkh ghyldwlrq sd|r￿/ zklfk lv hduqhg
iurp suhwhqglqj wr eh d jrrg flwl}hq e| ghfodulqj dw ohdvw rqh lqfrph vrxufh1 Wkh vhtxhqwldo
jkrvw sd|r￿ lv fdofxodwhg xqghu wkh dvvxpswlrq wkdw wkh wd{ dxwkrulw| udqgrplvhv zlwk htxdo
zhljkwv dprqj wkh gl￿huhqw dxglw sdwkv1 Zh vhh wkdw iru wkuhh hduqhg lqfrph vrxufhv ehkdylqj
dv d jkrvw vwloo sd|v xqghu vlpxowdqhrxv dxglwlqj zkloh vhtxhqwldo dxglwlqj suhyhqwv wkh wd{sd|hu
iurp jkrvw ehkdylrxu1
Hduqhg vrxufhv q@4 q@5 q@6
Vlpxowdqhrxv/ jkrvw Xr￿6+gf, :=<9 48=<6 56=;<
Vhtxhqwldo/ jkrvw Xre^+gf, ;=4: 48=33 54=;6
Ghyldwlrq Xr￿*re+gÅ, 8=33 46=95 55=58
Wdeoh 4= H{shfwhg jkrvw dqg ghyldwlrq sd|r￿
Dqg lq idfw/ li zh fdofxodwh wkh fulwlfdo a Q iurp frqglwlrq +53, iru vhtxhqwldo dxglwlqj dqg
iurp frqglwlrq +48, iru vlpxowdqhrxv dxglwlqj zh vhh wkdw a Qre^ @ Lqw+5=:<, dqg a Qr￿6 @ Lqw+6=<<,1
Zh nqrz iurp rxu dqdo|wlfdo dqdo|vlv wkdw iru erwk dxglwlqj vwudwhjlhv d kljkhu wd{ oldelolw| W
idflolwdwhv jkrvw ehkdylrxu1 Il{lqj wkh qxpehu ri vrxufhv dw Q @ 6 zh fdq frpsxwh wkh fulwlfdo
W iru jkrvw ehkdylrxu iru erwk fdvhv1 Zh ￿qg wkdw wkh plqlpdo wd{ oldelolwlhv ohdglqj wr jkrvw
ehkdylrxu duh a Wr￿6 @ 6=69 iru vlpxowdqhrxv dxglwlqj dqg a Wre^ @ 8=74 iru vhtxhqwldo dxglwlqj1 Wr
frpsduh wkh uhyhqxh iurp gl￿huhqw dxglwlqj uhjlphv iru wkh fdvh wkdw jkrvw ehkdylrxu dozd|v
sd|v zh ohw W @ 8=81
Hduqhg vrxufhv q@3 q@4 q@5 q@6 H￿?
Vlpxowdqhrxv Ur￿6+gf, ￿=5: =94 4=83 5=6< =4:
Vhtxhqwldo Ure^+gf, ￿=47 =45 5=37 6=<; =55
Wdeoh 5= Uhyhqxh iurp dxglwlqj
Wdeoh 5 uhsruwv lq wkh ￿uvw irxu froxpqv wkh uhyhqxhv iru jlyhq qxpehuv ri surgxfwlyh lqfrph
vrxufhv +li d ghfodudwlrq ri rqo| }hurv lv revhuyhg,1 Wkh odvw froxpq zhljkwv wkhvh uhyhqxhv zlwk
wkhlu olnholkrrg dqg vxpv wkhp xs1 Wklv jlyhv wkh uhohydqw h{shfwhg uhyhqxh iurp dxglwlqj zlwk
wkh uhvshfwlyh vwudwhjlhv li dq doo0}hur ghfodudwlrq lv revhuyhg1 H{dplqlqj wkh ryhudoo uhyhqxh
58Wklv ghwhfwlrq suredelolw| ixqfwlrq jlyhv ydoxhv iru wkh revhuydelolw| sdudphwhuv ￿ ' D*e dqg / ' 3D*e1
64+lqfoxglqj wd{ sd|phqwv ri krqhvw wd{sd|huv/ ￿qhv/ dqg ghwhfwlrq frvwv, vlpxowdqhrxv dxglwlqj
uhvxowv lq dq h{shfwhg froohfwlrq ri :41;( ri h{shfwhg wd{ oldelolwlhv1 Wkh vhtxhqwldo dxglwlqj
grhv voljkwo| ehwwhu zlwk :517(1 Zh vhh wkdw vhtxhqwldo dxglwlqj sd|v1
E15 K|eulg htxloleulxp
Uhwxuq wr wkh qxphulfdo h{dpsoh iurp deryh zlwk doo wkh sdudphwhuv 0 h{fhsw wkh wd{ oldelolw| 0 dw
wkhlu ruljlqdo ydoxhv1 Zh uhgxfh wkh wd{ udwh wr =5 +l1h1 wkh wd{ oldelolw| lv W @ 5,1 Wklv hqvxuhv
wkdw iru erwk dxglw vwudwhjlhv sxuh jkrvw ehkdylrxu grhv qrw sd| iru wkh fdvh ri wzr lqfrph
vrxufhv1 Zh ￿{ Q @ 51 Dsso|lqj frqglwlrq 58 ohdgv wr wkh pl{lqj suredelolwlhv= ￿+++3>3, @ =49
dqg ￿+++|>3, @ ￿+++3>|, @ =75 xqghu vlpxowdqhrxv dxglwlqj1 Wkh h{shfwhg sd|r￿ diwhu hduqlqj
erwk vrxufhv zloo eh HX++ @ 4:=761 Hduqlqj rqh vrxufh zloo ohdg wr HX+f @ ;=:51 Wkh h{shfwhg
qhw uhyhqxh iurp dxglwlqj iru wkh dxwkrulw| zloo eh HU @ =<61 Ryhu doo wkh froohfwlrq h!flhqf|
lv ::( ri wkh h{shfwhg jurvv wd{ oldelolw|1
Vhtxhqwldo dxglwlqj lv deoh wr suhyhqw wkh wd{sd|hu iurp sod|lqj d pl{hg vwudwhj| htxloleulxp
zkhuh d srvlwlyh hydvlrq jdlq lv pdgh/ ehfdxvh wkh frqglwlrq iurp sursrvlwlrq : lv ylrodwhg1 Kh
zloo sod| d pl{hg vwudwhj| htxloleulxp zkhuh kh hduqv qrwklqj iurp frqfhdophqw1 Frqvhtxhqwo|
wkh sd|0r￿v duh HX++ @ 49 dqg HX+f @ ;1 Dowkrxjk qrw kdylqj fdofxodwhg wkh htxloleulxp
suredelolwlhv dqg h{shfwhg uhyhqxh/ zh nqrz wkdw wkh froohfwlrq h!flhqf| zloo eh kljkhu wkdq
xqghu vlpxowdqhrxv dxglwlqj/ vlqfh wkh qhz htxloleulxp lqfoxghv krqhvw| dv d vwudwhj|1 Wklv zloo
gulyh grzq erwk wkh dxglw h￿ruw dqg wkh h{ dqwh h{shfwhg frqfhdophqw h￿ruw1 Wklv/ frpelqhg
zlwk wkh revhuydwlrq wkdw wkh sd|r￿ ri wkh wd{sd|hu lv vpdoohu/ ohdgv wr wkh frqfoxvlrq wkdw wkh
wd{ froohfwlrq h!flhqf| lv kljkhu xqghu vhtxhqwldo dxglwlqj1
65